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This paper discusses a powerful method for obtaining explicit solutions for agricultural engineering problems which involve
differential equations. The use of Galerkin's Method is demonstrated by solving five sample problems of increasing complexity
including a falling water table, heat transfer in a grain bin and heat transfer in soil.

The Galerkin Method

Galerkin's Method approximates the
solution to a differential equation

£o = l, 0/ - cos (inx) (/ = 1,2,3,...).

and

(4)INTRODUCTION

During the past 50 yr there have been
many methods developed for solving
differential equations, both for closed form
solutions and approximate methods.
Improvements in digital computing
capabilities have resulted in the refinement
of finite difference methods. Recently the
finite element method has been

demonstrated to have wide application in
solving engineering problems. Both finite
difference and finite element methods have

been utilized to solve problems where
mathematical treatment was impractical or
impossible.

Utilizing finite difference or finite
element techniques to solve differential
equations can have several disadvantages.
(1) The solution to a particular problem is

represented as tabulated values at a
finite number of grid points; thus, the
solution of one problem is difficult to
utilize as input to another problem if
required.

(2) In many cases the selection of proper
time increments and element size to

obtain convergence is not
straightforward and can involve
considerable trial and error.

(3) Computer core requirements can
become very large in refining the
solutions to an appropriate
magnification.

The Galerkin Method for solving
differential equations, developed over 70 yr
ago (Kantorovich and Krylov 1964), utilized
extensively before the development of high
speed computers, is becoming more popular
again in the solution of complex problems.
This method in many cases has advantages
over finite element and finite difference

methods, especially in problems dealing
with simultaneous heat and mass transfer. It
should be noted, however, that Galerkin's
Method is widely used in conjunction with
the finite element method especially for
problems for which no functional exists or is
known to exist (Sergerlind 1976).

The purpose of this paper is to briefly
review Galerkin's Method and provide
example solutions to problems directly
related to the field of agricultural
engineering. It is intended that potential
users of Galerkin's Method can gain
confidence by studying the illustrated
examples.

l(w) =0 (1) 0o = l, 0/=*' (f-1,2,3,...). (5)

with the series

n

u = 2 at 0/.
i«l

(2)

The <j)fs must be linearly independent
functions and differentiable to the extent

that all terms in the differential equations
and boundary conditions can be obtained
(Fraser 1937). When the approximate
solution is substituted into the original
differential Eq. 1, the equation becomes

L(u) = €0 (3)

where €0 is the error in the approximation.
The a{s in Eq. 2 are parameters to be deter
mined in the error distribution process.

When the region of interest is finite,
the <pj's are ordinarily chosen as the n lowest
order members of a polynominal or
trigonometric series expansion in the
independent variables. Symmetry
considerations may often be used to
eliminate unnecessary terms from such
expansions.

There is no general proof for the
convergence of u •> u as n * °° for a
wide class of differential operators.
However, the Galerkin Method is closely
related to the Ritz Method (Mikhlin and
Smolitskiy 1967) for differential operators
in which an equivalent variational
functional exists. In fact, for those cases in
which a variational functional exists,
Galerkin's Method yields results that are
identical to the Ritz Method. Thus, one
could argue that because the variational
method (Ritz) converges, the Galerkin
Method also converges. Unfortunately for
the differential equations which form the
problems of this paper, no such relationship
has been proven. However, on physical
grounds, convergence is expected, if the
0/'s are the first n members of a set of
functions which is complete in the sense that
as n * °° any non-trival function can be
represented exactly in the region of interest.
For a one-dimensional system the set of
functions
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are both complete.
A practical test of the convergence of

Galerkin's Method can be made by
comparing the approximate solutions for
successively larger values of n in Eq. 2.

Theoretically any complete set of
functions may be used; however, it is
convenient to choose an expansion which
identically satisfies either the boundary
conditions or the differential equations. This
usually enables one to obtain an accurate
approximation with fewer terms in the trial
function.

The unknown parameters, «/, in Eq. 2
are determined by requiring the error of the
approximation, e0, to be orthogonal to n
functions, \pj.

^eotydSl-O (/ =1,2,...*) (6)

The Galerkin Method requires the \jjj to
be chosen from the set of functions that

make up the trial function set. Equation 6
provides a set of n simultaneous equations to
be solved to determine the unknown

parameters a\. If the differential operator,
L, is linear and time-independent, the set of
equations from (6) is linear and algebraic. If
L is nonlinear and time is independent, the
set of equations is nonlinear algebraic. For
the case when L is linear and time-

dependent, the a/'jare functions of time and
the set of equations from (6) are first-order
differential equations in time.

If the trial functions satisfy the boundary
conditions and not the differential

equations, then £2 is the region interior to
the boundary. For the case when it satisfies
the differential equations, but not the
boundary conditions, £2 becomes the
boundary.

Other error distribution methods such as

callocation and least squares, and their
relation to the variational principle are
discussed in detail by Finlayson and Scriven
(1965). In numerical tests, it has been shown
that Galerkin's Method gives the most
accurate results with the fewest trial

function terms (Fraser et al. 1937).
An intuitive examination of the Galerkin
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Method for the solution ofproblems in solid
mechanics is given in Duncan (1937), and for
several fluid mechanics problems by
Schechter (1967). Excellent discussion
regarding the convergence of the Galerkin
Method is provided in Mikhlin and
Smolitskiy (1967), and the utility of the
method in solving nonlinear problems is
illustrated by Villadsen and Michelsen
(1978).

EXAMPLE PROBLEMS

The following section illustrates the
Galerkin Method by solving a series of
differential equations of increasing
complexity. The equations solved describe
fluid flow in a pipe, concentration in a
chemical reactor, falling water table with
field drains, heat flow into a grain bin, and
soil heat flux.

Fluid Flow in a Pipe
The first problem illustrating the

Galerkin Method is the differential equation
describing steady flow in a circular conduit
of radio r0.

The differential equation describing the
flow is

6p 5\ 1 ov

="(ipV V (7)

where, vt* is the flow in the direction parallel
to the center line of the pipe (z direction), r
the radial distance from the centre, /i the

dynamic viscosity of the fluid and —P- the
oz

pressure gradient. The boundary conditions
for this problem are

w = 0 at r =rQ

Sw

IF

(the pipe wall) (8)

0 at r = 0 (the pipe center) (9)

Let us assume a trial function of the form

noted by Eq. 5 and, therefore, the trial
function, Eq. 2, becomes

w =j0 +air + a2r

Differentiating this gives

dw

~67

Since the trial functions must satisfy the
boundary conditions, substitute the
condition given by Eq. 8 into Eq. 10 to
obtain

(10)

This result may be then substituted back into
the original trial function to obtain

w=-02ro +0+a2r2 =a2(r2 - r\) (15)

Substituting Eq. 15 back into Eq. 7 gives
the error function

Co -•
Ai>

&Z

&P

*AZ

•JJL 2a2+- (2a2r)

-4fXa2 (16)

It is necessary to select the 0/ from any of
the trial sets,i.e., 0O = 1, 0j =r, 02 =r2
(see Eq. 10). In this case any 0y will give
the same answer since the approximation
of w (Eq. 10) has the same form and order
as the exact solution, so arbitrarily let us
choose 0j =r. The orthogonality integral
becomes

r0 r0 Ap
o/eo01^r =o/(-x--4jLU72)r^ =0..

AZ

J_ AP
4jU AZ

Thus, Eq. 15 becomes

a2

A? l/2 2,w=- (r-rg)
AZ 4jU

. (17)

. (18)

(19)

which is the result one obtains if Eq. 7 is
integrated directly.

Concentration in a Chemical Reactor

The concentration of the reactant in a

plug flow reactor (Mikhlin and Smolitskiy
1967) is given by the differential equation

dx dx

d2C
-KC1 (20)

In Eq. 11, K C, D, K and S are
respectively the velocity, concentration,
diffusion coefficient and reaction rate

parameters.

The boundary conditions for Eq. 20 are:
(see Fig. 1.)

C =C0 at x = 0

dC
= 0 at x = L

=fll +2*2r (ID dx

(21)

(22)

w = 0 =a0 +<Zi>o +«2ro (12)

Similarity substitute the condition given by
Eq. 9 to obtain

4^ =0=^! +2a2-0
or

which gives

ax =0 (13)

Putting Eq. 13 in Eq. 12 gives

a0=a2rl (14)

Assuming values for K, D, V, L and C0as
1.0,. 1,. 1, 1.and 1., respectively, it is possible
to chose a 1-term trial function that satisfies
the boundary conditions', Eq. 21 and 22.

C =1 +ax x(l --)withi//x =x (23)

The order of the polynominal is related to
the number of the coefficients, not the power
of x. A simple polynomial cannot be used
since it does not satisfy the boundary
conditions.

Substituting into Eq. 20, the error term
becomes

e0 =ax (2 +9x-5xi6) + 10

Using the orthogonality integral

(24)

TABLE I. COMPARISON OF 1- AND 2-

TERM SOLUTIONS WITH THE

EXACT SOLUTION OF THE

CONCENTRATION IN A

CHEMICAL REACTOR

1-term 2-term Exact

.1 .83 .78 .77

.3 .56 .46 .45

.5 .31 .26 .27

75 .15 .14 .15

1.0 .1 .12 .12

v

C(o)—• C(x) — C(L)

L

Figure 1. Plug flow reactor.

/ €0xdx= 0,

<7, =•

and

20

11

11 2
(25)

A 2-term solution satisfying the
boundary conditions is

C=l+J1(x-y-)+a2(x2-|x3),
with

(26)

Applying the orthogonality condition
provides two equations for the unknowns ax
and a2.

ax =-2.39 a2 =2.18

and

C = 1 - 2.39jc + 2.13*2 - .26jc3 (27)

Table I compares Eqs. 25 and 27 with the
exact exponential solution.

The previous table indicates that a very
good approximate solution can be obtained
with a 1-term solution. The trial functions
chosen were again completely arbritary
except that they satisfied the boundary
conditions. Had the physical exponential
character been utilized and exponential
functions used instead of polynomials, a
more accurate approximation would be
obtained with fewer terms.

The question may arise as to what i//'s
should be selected. The only guidance that
can be given is that the \//'s should not be
used if they are by definition orthogonal to
the error, i.e. the inner products are zero. In
actual practice it makes little difference
which i//'s are used. For only 1-term solu
tions, where there are two non-arbritrary
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TABLE II. COMPARISON OF RESULTS OF THE 2-TERM CHEMICAL REACTOR PROB
LEM FOR DIFFERENT SETS OFt//s

Concentration

^0=1,1//! =X *, =*, </>2 =*2 *-2=*2,*3=*3
a, = - 2.609 a, = - 2.39 a, = - 2.245

X a2 = + 2.609 a2 = +2.13 a2 = + 1.856 Exact

.1 .76 .78 .79 .77

.3 .43 .46 .48 .45

.5 .24 .26 .28 .27

.75 .14 .14 .15 .15

1.0 .13 .12 .12 .12
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Figure 2. Falling water table.
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Figure 3. Comparison of theoretical results of the falling water table problem to 1-, 2- and 3-term
solutions using Galerkin's Method.

constants (i.e. the boundary conditions), one
would expect to get quite different results
depending on which one of the three \p
choices was used. However, as the number
of terms in the trial functions are increased

and a higher percentage of the available \p's

are utilized, similar results are obtained
regardless of the set of ^'s used. For the 2-
term chemical reactor problem above (Eq.
26) the following results are obtained for
different sets of ^*s(Table II).

All the solutions are approximate and it
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is not possible to choose which is,best. They
all appear to be very good approximations
for only two terms.

Falling Water Table
The position of the water table between

two parallel drains (Fig. 2) is given by the
following differential equation and
associated initial and boundary conditions

^.*?^?.a^ (28)
dt V dx2 dx2

In Eq. 28, kf D and V are, respectively,
the hydraulic conductivity, the depth of
average flow and the specific yield; a is

defined as—

Boundary conditions:

y = 0 at x= 0 and x = L

Initial condition (Luthin 1966):

y=̂ Q (1}X _ 3L2X2 +4Lx3 _2x4) at t=Q

A trial function satisfying the boundary
conditions and the initial condition is

y=^P (1}X _3L2X2 +4Ijc3 _^ +

ai he (x-L)j +a2 he (x-L)}2 +
a3{x(x-L)}3 + +
an{x(x-L)}n (29)

In Eq. 29, the a{s are not constants, but
are functions of time. For a 1-term solution,
the derivatives in Eq. 29 become

3>!.£l {x)(x-L) (30)
dt dt

*y =-5^o (_ 6L2 +24Lx _24x2} +̂
dx2 I4 *

(3D

The error term obtained by substituting Eqs.
30 and 31 into Eq. 28 is

(- 6L2 ♦ 24Lx -24jc2) - 2aax,.... (32)

and the orthogonality integral, with ^x =
(x)(x-L),is

L
0J €o(x)(x-L)dx=0 (33)

Integrating Eq. 33 results in a linear
differential equation with time as the
independent variable.

.0333^1 ♦^,1-!£Lo=0;M0) =0
(34)

Equation 34 can readily be solved for a,;

..-^(l--,eg) (35)
In a similar manner the 0/ in trial
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[ GRAIN BIN R-0.305m
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y ^\ ^-BESSEL SOLUTION
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o
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Figure 4. Comparison of the theoretical heat transfer in a cylindrical grain bin at R =0.305 m to 1-,2-
and 3-term solutions by Galerkin's Method. Radius of bin wall = 2.74 m.

o.

T

GRAIN BIN R= 1.52 m

40 80 120 160

TIME (DAYS)
200 240

BESSEL SOLUTION
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280 320 360

Figure 5. Comparison ofthe theoretical heat transfer in a cylindrical grain bin at R= 1.52 m to 1-,2-and
3-term solutions by Galerkin's Method. Radius of bin wall = 2.74 m.
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-3 TERM
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Figure 6. Comparison of the theoretical heat transfer in a cylindrical grain bin at radius R = 2.44 m to
1-, 2- and 3-term solutions by Galerkin's Method. Radius of bin wall = 2.74 m.

functions containing additional terms can be
evaluated. If two terms are used, two
equations similar to Eq. 34 will be obtained

da\
containing the terms

dt 'ai'"3T'anda2-
These equations are then solved simulta
neously for ax and a2 as functions of time.

The exact solution to Eq. 28 at the mid
point between the drains is

n-\ nl
8 -n at

, - 192>>o oo

z (-1)
7T°

dr

dt
a(

«=1,3,5

(36)

Figure 3 compares the 1-, 2- and 3-term
solutions using Galerkin's Method with Eq.
36. The solving of the simultaneous
differential equations was done using a
computer.

Heat Flux in a Grain Bin

The differential equation describing
radial heat flow in a circular grain bin is

d2T 1 dr
dr2 +-37) (37)

where, T, t, r, and a are, respectively,
temperature, time, radial distance from the
bin center and thermal diffusivity. For ease
of subsequent compution, each term of Eq.
37 is multiplied by r.

The boundary and initial conditions are
as follows:

T{R,t)=A +B cos (cor) at r=R
T(r,0) = constant, for t = 0
7X0,f) = finite.

It is assumed that the temperature ofthe
bin wall, the grain at the wall (r = R) and the
outside air are all equal. A detailed account
of the solution to explain Eq. 37 using Bessel
functions as well as an experiment to verify
the assumptions is given in Converse et al.
(1969). The outside temperature profile and
thermal properties are the same as those
used in Converse et al. (1969). The purpose
of this section is to compare the results using
Galerkin's approximation to solve the
equation, as compared to the Bessel
solution.

A Galerkin Trial Function satisfying the
boundary and initial conditions is:

T=59 - 27 cos (cor) +ax (r) (^)1 +

M0(^V+*3(0(^)3+.

°n{) (~~R~ }
(38)

with aj(t) = 0 for r = 0.

For a 1-term solution, differentiating Eq.
38 yields,

f =27cosin(^)+^£>(^)
dt dt R

dT

dr
^ =-M0

&T
dr2

= 0

1
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and, therefore, from the modified Eq. 37,

. , day ,R-t. 0i ae0 =27 cor sin(cor) +-^ r(—) +-^—
(39)

Evaluating the orthogonality integral, with

(!t-r)dr=0, (40)
K

provides the differential equation

<&! +60£i +54cosin(cor) =0> fl(0) =0 (41)
dt R

for determining #,(/). The solution of Eq. 41
produces

ax =196.l{.017214 (cos (cor) - 1) +
.066667 sin (cor) } (42)

Substituting Eq. 42 into the 1-term function
provides the first approximation for T\r,t).
Additional terms in the trial function are

obtained in a similar manner. The computer
was used to evaluate the differential

equations when using more than one term
trial function.

Figures 4, 5 and 6 compare the 1-, 2- and
3-term Galerkin solution with the Bessel

function solution given in Converse et al.
(1969), for three radial positions. The bin
wall has a radius of 2.74 m.

Soil Heat Flux

In a recent experiment (Wilkie 1978), a
finite difference solution was obtained for

heat flow in soil with non-constant thermal

properties. This particular problem does not
have a closed form solution and must be

approached using some type of
approximation method.

The differential equation describing one-
dimensional heat flow with varying thermal
properties is:

*Ij**T.a#I
dt dz dt dz2

In Eq. 43, T, t, a and z are temperature,
time, thermal diffusivity and direction of
heat flow, respectively. The geometry ofthe
problem and associated boundary and
initial conditions are shown in Fig. 7.

The following Fourier series represents
actual air temperature observations:

7X0,r) = 16.292 - 8.6155 cos (cor) +

3.6815 cos (2oor) - 3.0421 sin (cor) -

1.0828 sin (2cor) (44)

Diffusivity experiments (Wilkie 1978)
provided the following relationship between
diffusivity and soil depth:

a =10.8 +0.36z cm2/h (45)*

The initial soil temperature profile was
measured and found to be

T(zf0) =16.292 —jL (46)

T(o,t) = PERIODIC FUNCTION OF TIME fSOIL SURFACE lz-o)

I T(z,o)«A-f

T(30,t)= CONSTANT
30cm

Figure 7. Soil heat flux problem.

o
CO /- OBSERVED SURFACE TEMPERATURE

m

A-1 TERM \

o
CM

2TERM-^ / ///y^ ^\

//V/^-FINITE DIFFERENCE

i—Z TERM

m

o
o

// *rI/Jf ^^5^
UJ

is

vv^\~" ••— fJr
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Figure 8. Comparison of observed and calculated soil heat flux at depth = 5 cm. Observed data and
finite difference solution due to Wilkie (1978).

FINITE DIFFERENCE
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T5- 18 21 24

Figure 9. Comparison of observed and calculated soil heat flux at depth = 20 cm. Observed data and
finite difference solution due to Wilkie (1978).
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A trial function satisfying the initial and
boundary conditions is

T(z,t) =16.292 +(25=£){7XO,f) - 16.292}-

L- +ax(t) sin(^)+ a2 (t) sm(^) +
37TZ,

fl3(/)sin(—) + +

, x . , MlZ N
««Wsin(—) (47)

The derivatives in Eq. 43 were evaluated
using Eqs. 44, 45 and 47. The error of the
approximation was then made orthogonal

the trial function setto sm (-3Q-), to

evaluate an(t). For ease of computation, the
integration of the error integral and the
solving of the resulting differential equa
tions were done on the computer.

Comparison among 1-, 2- and 3-term
solutions using Eq. 47 and the actual
observed temperatures are shown in Figs. 8
and 9 for two soil depths, 5 cm and 20 cm.
The surface temperature with the Fourier fit
is also included in the figures.

Both the 2- and 3-term solutions compare
favorably with the actual observed
temperatures and provide a much more
accurate representation than the finite
difference solution employed by Wilkie
(1978).

SUMMARY

A variety of differential equations
representing common processes in the field

130

of agricultural engineering have been solved
by the Galerkin Method. Most of the
problems were illustrative, for the purpose
of acquainting the reader with the utility of
the Galerkin Method and of giving
prospective users a degree of confidence in
using the method. However, the solution of
the heat flux problem requires
approximation methods and the Galerkin
solution presented is a considerable
improvement over the finite difference
solution previously reported.

Even for relatively complex problems,
good results can be obtained with the
Galerkin Method utilizing just a few terms in
the trial functions. The trial functions used
in all the problems were completely
arbitrary except that they were required to
satisfy the boundary conditions. Similar
results would have been obtained if different
trial function sets were used. To prove this in
the case of the heat flux problem, the authors
used a 3-term polynomial trial function
which provided results nearly identical to
those of 3-term trigonometric series used in
the paper.

Selecting trial functions, which must
satisfy the boundary conditions, allows the
user to maintain a physical reality with the
solution of complex problems. This side
benefit along with the apparent rapid
convergence ofthe Galerkin Method and the
convenient form of the solution as explicit
functions of the spacialcoordinates and time
should make the method a popular one in
solving complex differential equations
associated with agricultural engineering
work.
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