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The determination of structural loads on farm tower silo walls is usually carried out using empirical formulae
specified in a building code or standard. The present standards are restrictive with respect to types of silage, moisture
content and silo wall material; they also do not provide the flexibility to properly take account of silo aspect ratio, of
wall friction, and of possible hydrostatic pressure resulting from saturation of wet silages. Analytical expressions for
the vertical and horizontal pressures in the silage are presented. An analysis of the wall friction force is also provided.
These expressions are based on the assumption that the vertical pressure and the density are a function of depth alone.
This assumption is shown to be realistic for purposes of design, and conservative. The analytical expressions are fairly
complex but contain most parameters that affect silage wall pressures and wall friction forces. A simplified method for
estimating silo wall design loads is presented as well. It is based on the well-known Janssen formula. Pressures and
loads determined with the simplified method are compared with recent field measurements of loads on the wall of a
6.19-m steel silo containing corn silage. The estimated wall pressures are 17% greater than the experimental findings.
The estimated friction load is 5% smaller than those measured in the field.

INTRODUCTION

The structural design of tower farm
silos is regulated in Canada by the
provisions of the Canadian Farm Building
Code (CFBC) (1977). It provides for
mulae for the lateral pressure and the
vertical load exerted by whole-plant
silage on the walls of concrete silos. The
lateral pressure formula is restricted to
silages of less than 70% moisture content
(wet basis); the Code states also that
"concrete silos designed from this
formula are reasonably safe for normal
shelled corn pressures." Both the lateral
pressure and vertical load formulae are
empirical expressions based on experi
mental research on silos 18 m high and
less (Boyd and Yu 1961; Yu 1963).

In the United States, farm silo design is
governed mainly by the National Silo
Association (NSA) Standards for con
crete stave silos (1974) and monolithic
poured-in-place silos (1978). Both stan
dards use the Rankine approach for
determining lateral wall pressures, com
plemented by experience from past
practice (Johnson etal. 1971, 1972). The
standard for stave silos allows determina
tion of lateral pressure for any silage
material provided that a reasonable value
for the density and the angle of repose can
be established; this standard contains
recommended values for the uncom-

pacted silage density and angle of repose
of a wide variety of silage materials. The
standard for monolithic silos contains a

single expression for the lateral wall
pressure for forage crops not exceeding
65% moisture content and a provision to
cope with hydrostatic pressure below a
saturation level.

Although simple, neither the CFBC nor
the NSA design standard is capable of
dealing with the wide variety of materials
being stored in farm silos, nor with the
effect that different building materials
have on wall pressures and wall loads.
This paper presents a procedure for
estimating the structural loads on the wall
of farm tower silos. The proposed method
can be used for any silo wall materials and
any silage material, including high
moisture corn. Firstly, the paper deals
with silage for which the saturation point
is not reached and includes a simple
design procedure. The effect of hydrosta
tic pressures will also be discussed. The
proposed design loads will be compared
with present design standards, earlier
finit element results, and experimental
results.

ANALYSIS OF VERTICAL AND
LATERAL PRESSURES

Isaacson and Boyd (1965) published a
general mathematical analysis of lateral
pressures in deep grain bins. The
behavior of a silage mass in a cylindrical
tower silo can be approximated by the
same mathematical anslysis if the as
sumptions made in the analysis are
appropriate. The salient points of the
analysis and the assumptions used in it are
repeated herein.

Figure 1 shows the free body diagram
of a horizontal lamina of thickness dz
taken from a cylindrical body of silage of
diameter D. Assuming that the vertical
pressure pv and mass density y are
functions ofz alone, equilibrium of forces
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Figure 1. Free-body diagram of a lamina of
silage from a cylindrical silo with
diameter D.

in the z direction yields the first-order
differential equation:

rfpv 4ju* ...
-rci- + Pv = yg C)

dz D

in which fx is the coefficient of friction
between silage and wall, k the ratio of
horizontal to vertical pressure and g the
acceleration of gravity. Although there is
some indication that pi is a function of
pressure (Jofriet and Czajkowski 1979)
and thus ofz, the lack of good information
prevents using assumptions other than a
constant value for jx. The same applies to
theratio/t. Therefore,4/xk/D inEq. 1 will
be treated as a constant, (3.

Wood (1971) introduced into Eq. 1 an
empirical relationship for the density as a
function of vertical pressure and time.
The problem was then solved numerically
by dividing the silage into a finite number
of laminae. By considering equilibrium
of vertical forces for each lamina, design
pressures were found. For structural
design, maximum pressures are required
and the consideration of time in the
density relationship is therefore not
important. The mass density y can also be
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expressed as a function of z. Negi and
Ogilvie (1977) suggest an expression of
the form:

y = y0 + a(l -<rbz) (2)

where y0 is initial mass density and a and
b are material parameters. Negi and
Ogilvie (1977) evaluated previous re
search of whole-plant corn silage and on
that basis suggested values for yOJ a
andfo of 529.7 kg/m3, 516.2 kg/m3 and
0.181 nr1. Jofriet and Czajkowski (1979)
proposed for whole-plant corn silage with
70% moisture content (MC) (wet basis)
530 kg/m3, 570 kg/m3 and 0.16 nr1.

Similar expressions can be obtained for
other types of material. Work on
high-moisture corn (whole shelled,
ground shelled and ground ear corn) is
being carried out by the author. Similar
work on grass silage has recently been
completed by 't Hart et al. (1979).

After substituting Eq. 2 into Eq. 1 and
solving the differential equation for/v

(y,+q),
: Po e"
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of the silage if different from atmos
pheric. It might be noted here that the
well-known Janssen (1895) formula is the
solution of Eq. 1 if y is constant andp0 is
zero. The lateral pressure at depth below
top of silage, z, can be found from:

ph = kPv (4)

Equations 3 and 4 will provide vertical
and horizontal pressures in a silo based on
engineering principles, taking into ac
count the height-to-diameter ratio of the
silo, the variability of the density of the
silage with depth and the frictional
interaction between silage and silo wall,
provided the assumptions upon which Eq.
1 is based are valid. An examination of

these assumptions follows.
The vertical stress results from six

finite element analyses (Jofriet and
Czajkowski 1979) will be used to
examine the degree of deviation from the
original assumptions. The finite element
analyses employed were an axisymmetric
model with 3 by 10, 9-noded isoparamet
ric elements with stresses a function of

both the vertical and radial independent
variables. Figure 2 shows the vertical
stresses from three analyses of a 3.66-m

diameter silo in pairs, one set on the silo
center line and one set at the wall. They
differ in friction coefficient (0.3, 0.4 and
0.5) and height-to-diameter ratio. Figure
3 shows similar results from analyses of a
6.10-m diameter silo.

An examination of the results in Figs. 2
and 3 show that, independent of silo size,
the vertical pressures are higher on the
center line than near the wall and that the

difference increases with increase in

friction coefficient. It may also be
observed that the condition at the silo

floor cause a significant disturbance of
the uniformity of pressure. However, the
influence of the silo bottom diminishes

rapidly and in the upper 85% of the silage
mass the centerline pressures do not
exceed the vertical pressure at the wall by
more than 10%. Hence, the assumption
that vertical pressure is a function of the
vertical coordinate z alone is not violated

severely. In a confined cylindrical vessel
that has been filled uniformly, the
material density is a unique function of
vertical pressure. The assumption that
density also is a function of z alone is
therefore reasonable and conservative.

VERTICAL PRESSURES AT

CENTRE O

WALL o—

10
O 5 10 15 20

VERTICAL PRESSURE , p In kN/m2

Figure 2. Finite element analysis results for vertical corn silage pressures along the silo centerand along the wall for a 3.66-mdiameter silo
(Jofriet and Czajkowski 1979).
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Figure 3. Finite element analysis results for vertical corn silage pressures along the silo center and along the wall for a 6.10-m diameter silo
(Jofriet and Czajkowski 1979).

Ironically, the large non-uniformity of
vertical pressure that does exist at the
bottom of a container led Williams and

Ross (1968) to conclude, from vertical
pressure measurements in the center of
the bottom of square containers with dried
citrus pulp, that Janssen's( 1895) formula
vastly underestimates pressures and is not
applicable to such materials. Based on
that same conclusion, Johnson et al.

(1972), in preparing the NSA standards,
rejected Janssen's formula for the design
of tower silos. Bearing in mind that the
model in the derivation of Janssen's

formula, and indeed Eq. 3, is an infinitely
long cylinder of material, they can not
account for boundaries at right angles to
the central axis. Calculated results from

Janssen's formula, and from Eqs. 3 and4,
may be expected to be erroneous in the
vicinity of such a boundary. From a
practical design consideration this is not
serious as will be seen later.

In summary, it may be concluded from
the above that the assumptions used in
Eq. 1 are not seriously violated except in
the vicinity of the bottom of the silo. It
may be expected then that Eqs. 3 and 4
will provide reasonably good values for
the vertical and lateral pressures in a
cylindrical mass of silage contained in a
container that is rigid relative to
compressible silage.

ANALYSIS OF VERTICAL WALL

LOAD

From Fig. 1 the total friction force dF
on the lamina dz is, neglecting the
second-order term:

dF = fjJcp,. tt D dz (5)

The total force at depth/? below the top of
silage can be obtained by integration:

F = /xkirD Jgpydz (6)

Substituting/^ from Eq. 3 and solving the
definite integral yields:

F = pk-rr D \ptfi-1 (1 -f-/3h) +
p-'g (y„ + a) (h - 0-' + 0-« e-fP) +

a gtfi - bf (0-1 - fc"> +
b~le-b« - /3"1 e~Ph)] (7)

The total weight of the lamina dz is:
dW = 0.25 it D2ygdz (8)

Substitution of Eq. 2 and integration over
the height h provides the total weight of
silage:

W = 0.25 nD2g [(y„ + a) h +
airlV* - 1)] (9)

The percent of total weight of silage, R,
transmitted to the wall above a level h

from the top of silage is given by:
100 F

R
w

(10)
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ESTIMATED DESIGN LOADS

Lateral Wall Pressure

Equations 3 and 4 provide lateral wall
pressures for silages that have significant
variation in density between the top and
bottom of the silo. The solid line in Fig. 4
is a plot of these lateral pressures versus
depth of settled silage for a 6.1-m by
21.7-m silo with a friction factor of 0.4.

The material parameters suggested by
Jofriet and Czajkowski (1979) for 70%
MC whole-plant silage (y0 = 530 kg/m3;
a = 570 kg/m3; b = 0.16 nr1) were
used. Also shown are the CFBC (1977)
and NSA (1978) design pressure diag
rams and the results of one of the finite

element analyses reported earlier. In
these analyses the silage was modelled as
a linear elastic isotropic material with a
Poisson's ratio of 0.34. From the theory
of elasticity, the Janssen lateral pressure
coefficient^ is related to Poisson's ratio (jl
ask = |U,/(1 —/jl) for the specific problem
under discussion here. A coefficient of k

= 0.5 was adopted in Eq. 3 to allow a
direct comparison with the finite element
stress results.

Examination of Fig. 4 shows good
agreement of the horizontal pressures
calculated with Eq. 4 with the finite
element results. In the upper 8 m, Eq. 4
yields lateral pressures somewhat greater

17



LATERAL PRESSURE

Figure 4. Lateral whole-plant corn silage pressures versus depth of silage. Silo diameter
6.10 m; settled depth of silage 21.7 m; fi = 0.4; k = 0.5.

LATERAL PRESSURE ,-ffN/m*

Figure 5. Lateral whole-plant corn silage pressures versus depth of silage. Silo diameter
3.66 m; settled depth of silage 12.8 m; /x = 0.3; k = 0.5.

than the numerical results; in the lower
part, they are up to 8% less. The effect of
the friction at the floor of the silo is

apparent in the finite element results near
the bottom. Fortunately the larger than
average vertical pressure on the floor at
the silo center discussed earlier is offset

by a lower than average vertical pressure
near the wall. The horizontal pressures in
the bottom of the silo are consequently
lower than would be predicted with
mathematical expressions that neglect
this boundary condition.

The lateral pressures are not signific
antly different from the CFBC (1977)
provisions. The extreme conservatism of
the NSA (1978) recommendations is
evident in Fig. 4.

Figure 5 shows identical curves as
shown in Fig. 4 for a 3.66-m by 12.80-m
silo. The material parameters are identi
cal to those used before. However, the
friction coefficient was decreased to 0.3.
The solid curve showing the lateral
pressures from Eq. 4 are again close to the
finite element results. In the lower third of

the silo the maximum difference is 10%.

It is also evident from Fig. 5 that the
CFBC (1977) underestimates the lateral
pressures for a friction coefficient of 0.3.
Caution should be exercised for its use for

fiberglass and glass-lined steel silos
where the friction coefficient might be
about 0.3. The NSA (1978) recommenda
tions are still conservative even at this low

value of the friction coefficient.

Equations 3 and 4 are probably not
suitable directly for codified design in
which simplicity of design formulae is
usually a criterion. The lateral pressure
curve can be simplified without much loss
of flexibility by making use of the Janssen
formula for the construction of a bi-linear

approximation to Eq. 4. The Janssen
formula for the lateral pressure assuming
a uniform density y is:

yDg

The lateral pressure at mid-height of the
silo can be estimated conservatively by
using the average density of the silage for
y in Eq. 11. The silage density at the
bottom of the silo is, of course, greater
than the average value. The ratio depends
somewhat on the silo geometry, but
typically the maximum density is 20%
greater than the average value. A
reasonable estimate for the lateral pres
sure at the bottom of the silo could again
be obtained with Eq. 11 using a density of
1.2 times the average density. Inter
mediate value of lateral pressure can be
obtained by linear interpolation between
zero and the mid-height value for the
upper half, and between the mid-height
and the bottom values for the lower half.

The resulting bi-linear pressure diagrams
are shown in Figs. 4 and 5. The close
approximation is evident.

The proposed design curve for the
lateral pressure in a silo is simple, yet
takes into account to some extent the

variation of density with depth and
provides the flexibility to deal with
different silage materials through yav and
k and also with different silo wall

materials through /x.

Ph (1 -?-/3z) (11)

Vertical Wall Load

Equation 7 provides a means to
calculate vertical wall load at any depth/?
below the top of silage. The combination
of Eqs. 7, 9 and 10 yields the percentage
of the weight of the silage carried by the
wall. Figure 6 shows with solid lines the
relationship of these percentages and the
height-to-diameter ratio of the silage
mass for three values of friction coeffi

cient, 0.3, 04, and 0.5. The value ofk was
again estimated to be 0.5. The design
recommendations by the CFBC (1977)
and NSA (1978) are identical, both
somewhat lower than the percentage
calculated from Eq. 10 with a friction
coefficient of 0.3 (see Fig. 6). The NSA
(1974) recommendations for stave silos is
also shown in Fig. 6. It appears to provide
very high values of frictional force for silo
aspect ratios greater than 3.

18 CANADIAN AGRICULTURAL ENGINEERING, VOL. 22, NO. 1, JUNE 1980



90

26°

a
Ul 50

t-

z

Z
<

<
O

0 1.0

ASPECT RATIO OF SILAGE MASS

Figure 6. Vertical wall load expressed as
height-to-diameter ratio; k = 0.5.

Comparable results from the finite
element anslyses (Jofriet and Czajkowski
1979) are not shown in Fig. 6 to avoid
confusion. In all cases of friction

coefficient the values derived from Eq. 10
are approximately 6-8% less than
comparable numerical results.

Again the "exact" expression is too
cumbersome for codified design. How
ever, very small errors result if a constant
average value is used for the density. By
the same procedure used for obtaining the
percentage load carried by the wall using
a variable density (Eqs. 5-10 inclusive),
the expression for the load ratio/? can be
obtained

R = 100/)-' (h - p-' + /3-'e-/3h) (12)

in which h is the depth below the top of
silage of the level at which/? is required.
A comparison of values of/? from Eq. 12
with those from Eq. 10 for a wide variety
of height-to-diameter ratios, friction
coefficients and silo sizes was made. It

showed that Eq. 12 yields slightly higher
values than does Eq. 10; the difference
was never greater than 3.5%.

The proposed design expression (Eq.
12) is simple yet takes into account
property factors such as fx and k, as well
as the obviously important height-to-
diameter ratio of the silo.

Hydrostatic Pressures
Whole-plant corn silage and grass

silage are often sufficiently wet that at
some elevation in the lower part of the silo
the material will become fully saturated.
If the wall of the silo is sufficiently

CAN. FARM BLDG. CODE (1977)-
N. S.A. STANDARD ( 1978)

N. S.A. STANDARD! 1974 )

AUTHOR'S EOS. 7, 9 AND 10

a percentage of total silage weight versus

watertight, a buildup of hydrostatic
pressure will occur. This should be taken
care of in the structural design of the silo
wall.

Wood (1971) suggested a means of
determining the density at which satura
tion would occur and a means for

incorporating the hydrostatic pressure
into the lateral pressure design diagram.
He suggested that effective saturation
occurs when about 10% of the total silage
volume remains as gas. At that point
further consolidation can be achieved

only by expelling some of the silage juice.
He further suggests that the density at this
stage may be given by

ysal = 1440 - 5.40M (13)

where ysat is the saturation density in
kg/m3 andM is the moisture content of the
silage (wet basis), in percent.

't Hart et al. (1979) followed up on
Wood's work and used the expression
that can be derived from the basic premise
that the total volume of a certain quantity
of silage must equal the sum of the
volumes of gas, liquid and solid matter.
Using again the 10% gas volume
assumption at saturation and a density of
plant material of 1600 kg/m3, the density
at saturation can be determined as

Tsat = 1440 (0.006 M+ I)"1 (14)

The Eqs. 13 and 14 provide similar
results. In the important region of
60-80% moisture content Eq. 13 pro
vides a density 3.5-5.5% greater than Eq.
14 does.

Daynard et al. (1978) described a
number of compression tests on whole-
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plant corn silage and concluded that the
vertical pressure, in lb/ft2, at which
seepage would occur is given by

/np„ = 14.69 - 0.1174M (15)

Using the density expression Eq. 2 and
the vertical pressure Eq. 3 for the 6.1-m
diameter silo used as an example in Fig. 4
(jx = 0.4; k = 0.5; M = 70%), the
estimated depth below the top of the
silage calculated from Eqs. 13, 14 and 15
are 16.8, 11.8 and about 6 m, respec
tively! The NSA (1978) recommenda
tions specify a depth of 24.4 m for 70%
MC. Daynard et al. further noted, "We
calculated that seepage occurred (in an
unpredictable manner) at pore-volume
saturation percentages ranging from 55 to
85 percent."

Notwithstanding the difficulty that the
designer will encounter in determining
the saturation level, the procedure for
including hydrostatic pressure into the
lateral pressure diagram will be included
herein, assuming that the depth to that
saturation level, w. can be determined.
Referring to a free-body diagram of that
part of the silage mass of diameter D and
total height H below the saturation level
(Fig. 7) equilibrium of forces in the
vertical direction yields

0.25-TrD2(pb -pw) +F - W = 0 (16)

wherepb and/?w are the vertical pressures
at the bottom and the saturation level,
respectively, F is the total friction force
and W is the total silage weight below the
saturation level. Below the saturation

level, the fibre contact stress is assumed
to remain constant; hence the friction
stress will remain constant. The friction

force F therefore can be expressed as:
F = pkpwX (H -w)ttD (17)

The pore pressure at the bottom of the silo
then is:

W - F
Pv = Pb fw

i-/>+ *fw-\

(18)
0.25 ttD2

from which the lateral pressure at the
bottom of the silo can be calculated as:

pbW = kPw+P, (19)

Linear interpolation between the lateral
pressure at the saturation level and the silo
bottom is recommended.

The consideration of free silage juice
need not be considered in the determina-

_A

, f,w (c.tsirD1)

I

\py(:lsirDl)
Figure 7. Free-body diagram of the silage

below the saturation level.
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tion of the vertical silo wall load. With
time, the pore pressures will dissipate and
the frictional force on the wall will
increase as this happens. Therefore, the
greatest vertical loading will be found by
not considering pore pressures.

COMPARISON WITH EXPERI
MENT

't Hart et al. (1979) instrumented an
existing 6.19-m diameter steel tower silo
with 12 pressure measuring panels,
arranged 90° apart at three different
levels. Also, a second floor supported on
four load cells was installed. The wall
panels are capable of measuring horizon
tal as well as vertical loading. In 1978 the
silo was filled with 201 t of 34.6%
dry-matter, whole-plant corn silage to a
settled height (at 30 days) of 10.95 m.

Table I presents the experimental
horizontal wall pressure results at the
three levels, together with the estimated
values calculated from Eq. 11 using k =
0.33 and /x = 0.4 determined experimen
tally by 't Hart et al. (1979). The
estimated values are about 17% greater
than the experimental ones; the ratio of
estimated to experimental pressures is
approximately the same at the three
levels.

't Hart et al. (1979) measured the
loading supported by the instrumented
floor. From this the percent of total
weight of silage transmitted to the wall
can be found to be 37.1%. The estimated

percentage with Eq. 10 is 32.7%; Eq. 12
provides an estimate of 35.3%. The
proposed design formulae are shown to
provide good estimates to the experimen
tal data.

DESIGN PARAMETERS

A more flexible, more sophisticated
way of determining loads requires,
unfortunately, more basic information. A
brief examination of the parameters
required in the proposed procedures is in
order.

Density-depth or density-pressure rela
tionships are probably the easiest to
obtain and are available. Negi and
Ogilvie (1977) and Jofriet and Czaj-

TABLE I. COMPARISON OF ESTIMATED

PRESSURES WITH EXPERIMENT

Depth z
(m)

Estimatedt

pressure

(kN/m2)

Measured^

pressure

(kN/m2)

Estimated

Measured

3.84

6.42

9.01

6.1

10.1

14.0

5.2

8.6

11.8

1.17

1.17

1.18

tEq. 11 with k = 0.33; p. = 0.4; yav = 610 kg/m3.
ft Hart (1979), 34.6% dry-matter corn silage at 30
days after filling.

20

kowski (1979) both proposed density-
depth relationships for whole-plant corn
silage. The expressions are summaries of
a variety of earlier research. Wood (1971)
and 't Hart et al. (1979) have done
extensive work on grass silage. More
recently, three types of high-moisture
corn are being tested at the University of
Guelph.

Data on friction coefficients are widely
available for a variety of silages and wall
materials (CFBC 1977). A thorough
examination of the data may cast some
doubt on their accuracy. There is a
considerable variability in the output
from various research (Jofriet and
Czajkowski 1979). Most tests on friction
have been direct shear tests. An indirect

approach providing information on the
product of ix and k is in progress at the
University of Guelph. The product fxk is
adequate information to determine verti
cal pressures using Eq. 3.

The most difficult parameter is k, the
ratio of lateral to vertical pressure in Eq.
5. Some information is available from

full-scale tests, 't Hart et al. (1979), for
instance, report findings of 0.5 for grass
and 0.33 for corn silage. An alternative
approach is to determine a Poisson's ratio
for the material using triaxial soil testing
equipment. Mahmoud (1975) carried out
such tests on corn silage. Tests on
high-moisture corn are in progress at the
University of Waterloo.

The difficulty in establishing the
saturation level in a silo has been pointed
out earlier. Further research would appear
necessary in this area.

SUMMARY

Present structural load formulae for

tower silos in North America are simple
but lack flexibility. The Canadian code
and the American standards have restric

tions regarding the silages and silo wall
materials.

It is proposed that using minor
simplifications, lateral design pressures
and vertical wall loads can be estimated

for silos of any height-to-diameter ratio
and wall material, and for any silage,
using engineering principles. For estimat
ing lateral silage pressures the use of Eq.
11 is proposed; the ratio of silage weight
carried by the wall can be determined
with Eq. 12. In watertight silos, the
hydrostatic pressure caused by saturation
of the silage should be taken account of
using the suggested procedure in Eqs. 17,
18 and 19.
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