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Techniques arepresented for generating workday probability distributions for periods for which thedistribution is
specified forsub-periods. They could beuseful for generating probability distributions forarbitrary periods from tables
providing workday probabilities forfixed periods such asona weekly basis. Actual workday data forCharlottetown,
Prince Edward Island are used to demonstrate the techniques and also to investigate the degree of suitability of the
normal distribution. Potential applications to machinery selection are illustrated.

INTRODUCTION

For efficient machinery management,
a farmer needs information on the number

of field workdays (WD) available in order
to properly balance between the timeli
ness costs of an inadequate system and the
inflated capital costs of over-investment
in machinery (Elliot etal. 1977). Because
the number of field WD available varies

from year to year, estimates of the
minimum number available at different

probability or certainty levels is also
required. Fulton et al. (1976) suggest that
for operations where failure to complete
is very costly, such as could be the case
with corn planting, one might prefer to
plan for success with a frequency of 7 yr
in 8. For operations where failure to
complete on time means only inconveni
ence, a much lower relative frequency
could be acceptable. Numerous studies
have been carried out to meet the widely
recognized requirement for this type of
information on field WD (Baier et al.
1978; Brown and Van Die 1974; Dyer et
al. 1978; Elliott et al. 1977; Fulton et al.
1976). This paper is concerned with
solutions to two practical problems that
have been encountered in this work. They
were pointed out by Fulton et al. (1976)
and further discussed by Baier et al.
(1978). The first problem is discussed in
detail by Fulton et al. (1976) and relates to
the fact that estimates of the number of
WD available on a weekly basis cannot in
general be added directly for multiweek
estimates. The second problem, as stated
by Fulton et al. (1976), is that the
mathematical probability distribution of
the number of suitable days during each
week is not generally known.

The problem of determining the
number of WD available at a specific
probability level for a multiweek period
could arise in the following situation.

Assume that timeliness considerations

require that a crop be planted during the
last 3 wk of May. The objective then
could be to determine the number of WD

that would occur at a given certainty level
during the multiweek period by using the
WD probability distribution specified on
a weekly basis. An approach that has been
used involves selecting the number of
days that occur at, for example, the 0.9
probability level for each week (Brown
and Van Die 1974) and then accumulating
over periods the resulting number of WD.
This may be called planning at the 0.9
probability level because the number of
WD per week selected was at the 0.9
level, but it cannot in general be
interpreted to mean that, on the average,
in 9 yr out of 10 the required number of
WD would occur in the selected period.
Here, what is felt to be a valid way for
solving this problem both for a specified
discrete probability distribution as well as
for the case where the distribution can be

assumed normal is presented. The
methods proposed are most easy to apply
when the assumption of statistical
independence between the number of WD
in one period and the remaining is made.
An evaluation of the methods and of the

degree of statistical independence is
given by a sample application to spring
WD probabilities at Charlottetown,
P.E.I. Possible extensions to the case

where the assumption of statistical
independence is not justifiable are
discussed.

Considerable progress has already
been made in specifying the mathematical
distribution for WD. Maunder et al.

(1971) found that a Markov chain
probability model was suitable for road
construction WD. Similar results were

found by Hayhoe and Baier (1974) for
field WD. Kedem (1976) presented an
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efficient algorithm for generating the
mathematical distribution fo WD for any
period for which the Markov chain
parameters were specified. This study
futher confirms the suitability of the
second-order Markov chain model. In

addition, the spring WD probabilities for
Charlottetown, P.E.I, are used to investi
gate the range of applicability of the
normal distribution. The results indicate

that the normal distribution could be a

useful model for multiweek periods. The
methods developed in this study are
applied to practical examples to de
monstrate their potential usefulness.

PROCEDURE

The WD probabilities used here are
derived from the analysis of 40 yr of
weather data (1931-1970) from Charlot
tetown, P.E.I. The versatile soil moisture

budget is used to classify each day as to
whether or not it is suitable for field work

(Baier 1973; Hayhoe and Baier 1974). A
validation of this criterion is presented by
Baier et al. (1978). For the purpose of
illustration we assume a silty clay loam
soil. The result of this analysis is a matrix
of binary data with 1 representing a WD
and 0 representing a non-WD. The
probability distribution for WD for each
period is derived by assuming a second-
order Markov chain and using the
algorithm presented by Kedem (1976).
The Markov chain model has been found

to provide a suitable probability model for
sequences of wet and dry days (Gates and
Tong 1976) and for WD (Hayhoe and
Baier 1974; Brown and Van Die 1974).
Because a first-order Markov chain is

frequently not adequate (Hayhoe and
Baier 1974), we employ the second-
order. Probabilities are calculated for

periods of length 7, 14, and 28 days
starting with 1 Apr. For validation
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purposes, actual frequency distributions
are determined by counting from the 0-1
matrix.

In the general approach for deriving the
required probability distribution, a dis
crete known distribution for each sub-

period is assumed. Let P\(j) be the
probability ofy WD in the ith sub-period
and let P(K) be the probability of K
workdays over the combined period. To
motivate the following equation, consider
an illustrative problem. Assume three
independent 7-day periods. Using the
multiplication law, the probability of
three WD in the first period, four WD in
the second and two WD in the third is

P,(3) x p,(4) x p.;(2).

This leads to nine WD in the combined

period. The objective is to find the
probability of nine WD in the 21-day
period and this requires that we add the
probabilities for all possible ways of
obtaining nine. In this example, each
period could have 0-7 WD, but once the
number of days in the first period is
specified, this sets a limit on the
remaining two. In general, for periods of
equal length,

P(K)=2...l I />,(/,) P,(/2)... P„(f„) (1)
/.„ U h

where the summation is for

max(0, K-(M-j)L-1 "_',/«) =s

I, =s min (L,K-1 N=, /„)

L is period length
M is the number of periods and
K is the number of WD.

Note that this formula assumes a uniform

period length, which is the case for our
application. At the same time, it provides a
natural basis for generalizing to unequal
periods. The algorithm in Eq. 1 was
translated into a BASIC computer program
and used in the analysis of our data on the
minicomputer.

For the case where the WD probability
can be approximated with a normal
distribution, a very simple solution to
determining the resulting distribution
exists. Assuming ^ is the mean of the 1th
period and S\ is the standard deviation,
then the distribution for M statistically
independent periods is normal with mean,
fjb, given by

and standard deviation, S, given by

(2)

.Further, by the central limit theorem, ifM
is sufficiently large, the distribution of the
sum of the WD will approach the normal
distribution with mean and variance given
by Eqs. 2 and 3 even is the WD distribution
is not normal over the sub-periods. For the
case where the correlation between the /th

and the/h sub-period is known to be /?jj,
then the expression for the standard
deviation has the more general form

(4)

We will discuss later a possible application
of this more general form to cases where
the assumption of statistical independence
is not justified.

In the following, the application of the
technique specified by Eq. 1 to calculat
ing the distribution of the number of WD
firstly by a given date with 14-day
increments from 1 Apr. to 23 June and
secondly for the period 27 May to 23 June
with weekly sub-periods is demonstrated.
The suitability of the normal distribution
is also examined. The mean and standard

deviation are estimated from the WD data

for 7-, 14- and 28-day periods. The fit of
the normal distribution to the observed is

examined with the Kolmogorov-Smirnov
(K-S) test (Lilliefors 1967). The applica
bility of the central limit theorem and
Eqs. 2 and 3 is illustrated on the periods 1
Apr. to 7 July and 1 Apr. to 21 July with
14-day sub-periods and on 27 May to 23
June with 7-day sub-periods.

RESULTS

The results are presented in Tables I
and II and Figs. 1-3. Figure 1 provides an
example of how the technique specified in
Eq. 1 can be used to find the probability
distribution of the number of WD

occurring by a given date starting with 1
Apr. and using 14-day sub-periods.
Cumulatively defined periods of this form
are useful for time allotment for all phases
of spring tillage and planting from the
pool of WD occurring between 1 Apr. and
the desired completion date (Baier et al.
1978). The distribution over sub-periods
is determined by assuming a second-order
Markov chain. To provide a measure of
the effectiveness of this procedure, the
observed WD distribution based on

counting is also included. The maximum
absolute difference between the observed

and calculated distribution are: 0.04 for

TABLE I. ESTIMATED PROBABILITY PARAMETERS FOR EACH 14-DAY PERIOD

Period

Parameter 1 2 3 4 5 6 7 8

Mean .05 .33 2.5 4.3 4.9 6.1 7.1 7.8

Standard

deviation .32' .92 3.5 4.2 3.7 3.9 3.7 3.5

P,t 0 .02 .18 .31 .35 .44 .50 .55

Pn 1 .58 .83 .82 .76 .76 .81 .81

Pin 0 .50 .86 .84 .79 .73 .83 .81

Pio, 0 .25 .25 .11 .13 .35 .23 .33

tp2 denotes the estimated probability of a WD.
P„ denotes the estimated probability of a WD given the preceding day was a WD.
P,n denotes the estimated probability of a WD given the 2 preceding days were WD.
P,ui denotes the estimated probability of a WD given the preceding day was not a WD and the second preceding
day was.

TABLE II. MAXIMUM ABSOLUTE DIFFERENCE BETWEEN OBSERVED AND NORMAL

DISTRIBUTION

Weekly period
(from 1 Apr.)

1

2

3

4

5

6

7

8

9

10

11

12

7-day

.44

.44

.38

.31

.24

.22

.16

.18
,4NS

,10NS

.19

Length

14-day

.44

.36

.25

.15

.09NS

.15

28-day

.36

,14NSt

.08NS

S = (S^US2)1" (3) tNS indicates we do not rejectat the 5% significance level.
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two sub-periods, 0.05 for three sub-
periods, 0.09 for four sub-periods, and
0.1 for both five and six sub-periods.
There appears to be considerable random
variation in the observed distribution,

which is to be expected since it is based on
only 40 yr. Using the K-S statistic one can
determine a confidence interval in which

an actual continuous distribution should

lie (Kendall and Stuart 1967). The 95%
confidence interval in this case (40 cases)
is ±0.22. The estimated distribution lies

well within this confidence band of the

observed.

After six 14-day periods, the second
approach based on Eqs. 2 and 3 and the
central limit theorem is tested. The results

for eight 14-day periods are given in Fig.
2. The estimated distribution is based on

assuming a normal distribution with mean
and standard deviation specified by Eqs.
2 and 3. The observed distribution is

based on counting. Linear interpolation is
used where required to obtain the number
of days at a given probability level. Table
I provides a summary of the parameters
for the eight 14-day sub-periods. There,
P denotes probability, Pt denotes the
probability of a WD, Pu denotes the
probability of a WD following a WD, Pin
denotes the probability of a WD
following two consecutive WD and Pioi
denotes the probability of a WD given
that the first preceding day was not a WD
and the second preceding day was.

The results presented so far have been
concerned with WD up to a given date in
the spring and early summer. Many
applications require WD in some
specified period for climatic (such as soil
temperature for seeding purposes) or
some other constraint. Figure 3 de
monstrates a further application using 27
May to 23 June with weekly sub-periods.
Firstly, it is found again that using the
weekly distribution derived from a
second-order Markov chain and ac

cumulating as prescribed by Eq. 1yields a
distribution which agrees well with the
observed. The maximum absolute differ

ence is 0.1. Applying Eqs. 2 and 3 and
then fitting with a normal distribution also
yields a good fit. There the maximum
absolute difference is also 0.1.

Table II presents the maximum abso
lute difference between the observed and

the normal distribution for 7-, 14- and
28-day periods throughout the spring.
The difference decreases as the mean

increases and as the period length
increases. Since the mean and standard

deviations are estimated from the data,

the 5% significance level for the K-S test
is 0.14 (Lilliefors 1967). The normal

73



distribution for the 10th and 11th wk, for
the second-last 14-day period and for the
last two 28-day periods is not rejected.

DISCUSSION AND CONCLUSION

In this study we have presented
techniques and shown on actual WD data
their effectiveness for approximating the
WD probability distribution for given
periods where WD probabilities are
known over the sub-periods. The
methods are applicable to workday
probability tables such as those by Brown
and Van Die (1974). The technique
specified by Eq. 1can be used directly for
these tables because the required distribu
tions are given on 7-day sub-periods. For
the second method, the mean and
standard deviation (variance) can be
estimated using the given distribution and
the appropriate definitions for mean and
variance (Ostle and Mensing 1975).

In applying these methods, it is
important to consider the validity of the
assumptions. We require that it be
reasonable to assume statistical indepen
dence between the number of WD in each

of the sub-periods. This is very reasona
ble for non-adjacent periods. Gabriel and
Neumann (1962) found that the number of
rainy days in different months were
apparently independent. The successful
application of the methodology presented
here further justifies the independence
assumption for similar WD data. We
suggest firstly that from a practical
viewpoint, the differences between the
observed and estimated distributions

were acceptable for the application
envisaged. A second consideration is
whether the differences between the

observed and predicted could reasonably
be attributed to random variation. To

answer this we note that the differences

were consistently well within the K-S
95% confidence interval (±0.22) which
provides an indication of how accurately
one can specify the distribution based on
40 observations. We conclude that one

can at least get a useful first approxima
tion by assuming statistical independence
when there is no clear climatological
basis for not making this assumption. A
case where one would tend to reject
independence is when short sub-periods
of 2 or 3 days are used because of the
influence of persistence.

For a case where independence is
rejected, one could obtain an estimate for
the standard deviation, S, using Eq. 4,
provided the correlations between periods
could be determined. A possible model
for these correlations might be to assume
a correlation R, between adjacent
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Figure 3. Comparison of observed and estimated workday distribution using addition over
four 7-day sub-periods from 27 May to 23 June, assuming a normal distribution and
a Markov model.

periods, R2 between periods separated by
one other period, etc.

As an example of a value for R,
consider the 4-wk period presented in
Fig. 3. In this caseS2 = 29.2, S\ =4.97,
SI = 5.57, S% = 5.23 and S24 = 5.26.
Substituting these values into Eq. 4 gives
R = 0.18. This small value of/? provides
further justification for the assumption of
statistical independence in this case. In
general, S is not known and R cannot be
calculated in this way. For situations
where it is possible to estimate /?, it is
likely that an improved estimate of S
could be obtained from the proposed
model and Eq. 4.

It was suggested in the introduction
that a possible approach is to accumulate
the number of WD per week at a specified
probability level but that one cannot in
general arrive at the number of WD at the
specified level for the whole period using
this procedure. These discrepancies are
quite large at low or high probability
levels. Examining the period in June
using this procedure, one obtains 1.7 days
at probability of 0.9 and 26.2 days at 0.1
probability. The observed were 4 and 18
days while the value predicted by using
Eqs. 2 and 3 are 5 and 17 days. This
provides an indication of the contribution
made by the procedures presented.

A further consideration is the suitabil

ity of the normal distribution model. This

is important because it determines
whether one should apply Eq. 1 or use the
simple approach based on Eqs. 2, 3 and 4.
From the results in Table II it appears that
the normal distribution is not unaccepta
ble where the probability of a WD is
sufficiently high and the period length is
sufficiently long. Similar results were
obtained by Gabriel and Neumann (1962)
in their study of the rate at which the
Markov chain distribution approached the
normal distribution. A further useful

conclusion is that provided the WD are
normally distributed in a period, it is not
necessary for them to be normally
distributed in the sub-periods in order to
apply Eqs. 2, 3 and 4. The validity of this
statement is illustrated by the results in
Table II and Fig. 3. Table II indicates that
one does not reject the normal distribution
for the period 27 May to 23 June but that it
is rejected for two of the four weekly
sub-periods. Figure 3 provides the
indication of the excellent agreement
obtained by applying Eqs. 2 and 3 and the
normal distribution for this case.

APPLICATION

Here the usefulness of the results of this

study to fit a WD probability distribution
and estimate for multiweek periods is
demonstrated using data from Fulton et
al. (1976). In addition, the value of such
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estimates for machinery selection and
field work scheduling is illustrated.

Consider the field WD data given by
Fulton et al. (1976) for the multiweek
period from 17 May to 6 June. It can be
both laborious and in many cases
impossible to use historical records of
field WD to derive the probability
distributions for each multiweek period
one could require. Using equations 2 and
3, it is shown that there is a much simpler
method of deriving the distribution for
multiweek periods by using the estimates
for individual weeks. Using Eq. 2, the
mean for the period 17 May to 6 June is 14
days which is determined by adding the
weekly averages. Using Eq. 3, the
standard deviation is 2.6 days which is
calculated by taking the square root of the
sum of the squares of the weekly standard
deviations. Fulton et al. (1976), using the
basic data, found the mean and standard
deviations to be 14.0 and 2.7 days,
respectively. Assuming a normal dis
tribution and using standard statistical
tables, the estimate is that at least 15.9
WD occur with probability 0.24, 14.0
WD occur with probability 0.50, 12.2
WD occur with probability 0.76 and 10.9
WD occur with probability 0.88. The
corresponding values from Fulton et al.
(1976) are 16.7,14.0, 11.5 and 11.4 WD,
respectively. The closeness of these
results confirms the usefulness of the

normal distribution for this multiweek

period and of Eqs. 2 and 3 for estimating
the appropriate mean and standard
deviation.

In order to illustrate further applica
tions for the methodologies presented
here, an application to the selection of
planting equipment is considered. Timel
iness is an important consideration in
spring planting because late seeding
usually reduces yields. For corn, the
reduction can be significant for each day
planting is delayed after the optimum
planting period. For the purpose of
illustration, it is assumed that the
optimum period for planting corn at
Charlottetown, P.E.I, is 20 May to 9
June. The mean and standard deviation

for the number of WD in the period 20-26
May is 2.25 and 2.25, respectively, and
for the period 27 May to 9 June is4.85 and
3.70, respectively. Applying Eqs. 2 and
3, the mean for the combined multiweek
period is 7.10 WD and the standard
deviation is 4.33 WD. As in the previous
case, it is assumed that the normal
distribution is a suitable probability
model for this multiweek period.

Now consider the selection of planting
equipment. A common speed of 6.4 km/h
is assumed with a field efficiency factor
of 65%. Under these conditions a 3.1-m

planter could seed 1.3 ha/h and a 4.6-m
planter could seed 1.9 ha/h. If an8-h WD
is assumed, these values are equivalent to
10.4 ha/day and 15.2 ha/day, respec
tively. Using a 3.1-m planter it would
take 4 days to seed 41 ha of corn. Taking
the estimated mean and standard devia

tion and a tabulation of the normal

distribution, it is estimated that planting
could be expected to be completed within
the 20 May to 9 June period 76% of the
time. Similarly, using a 4.6-m planter,
seeding could be completed in 2.7 days or
85% of the time within the selected

period. As suggested, seeding corn is a
critical operation and as such one could
reasonably plan with the expectation of
success 8 out of 10 yr. To achieve this
with a 3.1-m planter on the above
example one could consider adjusting the
work schedule to spend more hours per
day in the field, attempting to increase
field efficiency or reducing the area
planted. For example, by working a 9-hr
day in the field rather than an 8-hr day,
one could increase the expected number
of years planting could be completed
between 20 May and 9 June to 8 out of 10.
Using a 4.6-m planter it would be
possible to increase the area seeded to 52
ha and still achieve an 80% level of

certainty. These calculations provide
some indication of how a knowledge of
the WD probability distribution over
multiweek periods can benefit anyone
involved in machinery selection and field
work scheduling.
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