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Simplified relationships were developed forpredicting themoisture migration in regular solids during mass-diffusion
controlled-air dehydration. Equations were presented for moisture at thecenterandfor the massaverage moisture. The
applicability of these equations was discussed for the spherical geometry employing grain-drying data from published
literature. The equations apply only tothe falling rate period ofdehydration in the presence orabsence ofanappreciable
constant rate periods.

INTRODUCTION

Heat transfer equations and charts have
beenwidelyemployed as analogies to pre
dict the moisture distribution in solid ma
terials in diffusion controlled air dehydra
tion (Sherwood 1929, 1931; Newman
1931 a,b; Kilpatrick et al. 1955; Jason
1958; Fish 1958; Gorling 1958; Charm
1978; Heldman and Singh 1981). The
analogy between the terms in heat transfer
and mass (moisture) transfer has been well
described by Charm (1978).

Moisture removal from solid materials
is characterized by an initial constant rate
periodand a later falling rate period. Dur
ing the constant rate period there is a
steady flow of moisture from the interior
to the surface where it is evaporated. The
overalldrying rate is dependent on the rate
at which moisture is removed at the sur
face. As drying proceeds, the rate of mi
gration of moisture from the interior to the
surface diminishes and finally becomes
the controlling factor (fallingrate period).
The moisture migration during the diffu
sion-controlled falling rate period follows
the pattern of temperature change under
unsteady state heat transfer. Hence, the
analogies apply essentially to the falling
rate period of dehydration. In situations of
short constant rate periods, the equations
are applied to the entire period (Charm
1978). However, corrections are neces
sary for the nonuniform moisture distri
bution at the beginning of falling rate pe
riod, when the constant rate period is
significantly long (Sherwood 1929, 1931;
Newman 1931a,b, 1936).

Themechanisms of moisture migration
during dehydration of solid food materials
have been investigated by a number of re
searchers (Van Arsdel et al. 1973) and a
number of modes other than diffusional
mass transfer have been identified. Clay
and other non-porous solid such as wood

have been cited as examples (Sherwood
1929) which follow diffusional drying.
For fish and for starch jells, the diffusion
coefficient is essentially constant until the
moisture content (dry basis) has decreased
to 15% (Jason 1958; Fish 1958). The dif
fusional models, therefore, apply mainly
for situations involving moderately severe
dehydration with no significant change in
the product shape or the diffusivity of the
material during the process. Mathematics
of diffusion-controlled mass-transfer, al
though not very complicated, often re
quire the use of a computer. While one
might appreciate such a computation for
the case of heat conduction, charts (Gur-
ney and Lurie 1923; Newman 1936; Heis-
ler 1947) and tables (Newman 1931b)
based on these equations might be ade
quate for the case of dehydration. How
ever, simplified equations that are easily
solvable would be more desirable than
tables and charts because they could be
easily employed in programmable calcu
lations.

The objective of thispaperis to develop
simplified relationships that aproximate
the original solutions for the moisture dis
tribution in diffusion controlled air-dehy
dration of regular solids.

THEORETICAL BACKGROUND
The unaccomplished moisture ratio

(W), Fourier number (Fo) and the recip

rocal of the mass transfer surface resis

tance ration (Af) are the three major pa
rameters in the equations describing the
unsteady-state moisture transport during
dehydration. M is analogous to the Biot
number under heat conduction. The anal

ogy between heat and mass transfer is
given in Table I.

The relationships for the moisture ratio
at the center of an infinite slab (Wop), in
finite cylinder (W^) and a sphere (W0s) can
be represented as follows when the initial
moisture distribution is uniform (and no
significant constant rate period exists)
(Carslaw and Jaeger 1959):

2 sinpn
Wop= S

"-1 pn + sinpncospn

•cos(M^)-exp(-pn2Fo) (1)

where 6n is the nth positive root of

6 tan B=M (2)

Wq, = 2M 2
"-1 (A^+7„2Vo(7n)

exp(-7n2Fo) (3)

where 7n is the nth positive root of

yJAy)=MJ0(y) (4)

2M " (8n2 + (M-l)2)sin(8n)
w = 2, —

rla "-1 8n2(8n2 + M(A/-l))

• sin(8nr/a) -exp(-8n2Fo) (5)

TABLE I. ANALOGY BETWEEN THE TERMS IN HEAT AND MASS TRANSFER

Heat transfer Mass transfer

Term Notation Term Notation

Fourier number af/a2 Fourier number Dt/a2
Thermal diffusivity a Mass diffusivity D
Temperature T Moisture w

Heat transfer Mass transfer surface
surface resistance ratio it/ha resistance ratio DP/b'Kga

Heat transfer coefficient h Mass transfer coefficient Kg
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TABLE II. VALUES OF R AND S FUNCTIONSf

Infinite slab Infinite Cylinder Sphere

M RD sv Rc Sc Rs Ss

0 1.00 0.00 1.00 0.00 1.00 0.00

2.0 1.18 1.16 1.34 2.56 1.48 4.12

50.0 1.27 2.37 1.60 5.56 2.00 9.48

100.0 1.27 2.42 1.60 5.67 2.00 9.67

200.0 1.27 2.44 1.60 5.73 2.00 9.77

00 1.27 2.47 1.60 5.78 2.00 9.87

where 8n is the nth positive root of

8cot8=l-Af (6)

For sufficiently long drying times
(Fo>0.2), the terms in the infinite sum
mation series in Eqs. 1, 3 and 5 converge
rapidly and in most cases may be accu
rately approximated by the first term of
the series (Heisler 1947; Newman 1931a).
Further, at the centre of a cylinder, slab
or sphere, x = r= 0. Imposing these con
ditions, Eqs. 1, 3 and 5 were simplified
for center moisture ratios in an infinite
slab or plate,

W0p = Rpexv(-SpFo), (7)

an infinite cylinder,

Wqc = /?cexp(-5eFo), (8)

and for a sphere,

W^ = /?sexp(-5sFo). (9)

where Rp, Rc, Rs, Sp, Sc, Ss are character
istic functions of the reciprocal of the mass
transfer resistance ratio as given below:

2 sinp,

P, -I- sin^jcos^!

SP = Pi2

2M

sc =

(10)

(11)

(12)

(13)

(14)

(15)

tCalculated from Eqs. 10-15.

transforms of M were use to generate the
regression equations. The functions "arc-
tan (m.Af)" and "M/(M + n)," where m
and n were integers from 1 to 25 or their
reciprocals, were selected primarily be
cause of their similarities to the R and 5
functions. Only the top two significant
transforms were use in the developed
equations for simplicity.

RESULTS AN DISCUSSION

Equations for the Characteristic
Functions

The following were the regression
equations developed to predict R and 5
values from M values:

Sc = 6.4533M/(M/2)-0.6486 (19)

Rs = 0.7852arctan(M/2)-

0.1145M/(M + 20) + 0.8782 (20)

Ss = 6.0423M/(M + 2) +

2.7846arctan(M/3) - 0.5549 (21)

The arguments for all the trigonometric
functions in Eqs. 16-21 were in radian
measure. The coefficients of determina
tion were greater than 0.999 in each of
these equations. The mean errors in pre
dicting the R and S values, respectively,
by using these developed equations were
0.13+ 0.078% and 0.17+ 0.097% for an
infinite plate or slab, 0.046 + 0.031% and
0.32 + 0.22% for an infinite cylinder, and
0.24 + 0.22% and 0.19 + 0.12% for a
sphere. Figures 1-3 are plots of these
functions for an infinite slab, infinite cyl
inder and a sphere, respectively. The
points in each figure represent the original
values of the functions while the curves

(M2 + 7i2Vo(7i)

7i2

2M(8t2 + (M
R. =

l^sinSi

(8,2 + M(M- 1))8,

METHODOLOGY

The solution of Eqs. 10—15 is difficult,
mainly because they involve some char
acteristic transcendental and Bessel func
tions. Sherwood (1929, 1931) simplified
the relationships by assuming the surface
resistance to mass transfer to be negligible
(M= oo), while Newman (1931a,b) devel
oped tables to facilitate easier computa
tions. The surface resistance to moisture
migrationwill be far from being negligible
when the air velocities and relative hu
midity potentials are low. In the present
investigation, M values between 2 and 200
were considered in developing the equa
tions. Greater emphasis has been given to
larger M values because moisture is re
moved from the surface usually at a rate
faster than it is supplied through internal
moisture migration.

Double precision computer techniques
were used to generate the first roots of
Eqs. 2, 4 and 6, and to computetheR and
S values for several M values within the
rangeof interest(TableII). Stepwise mul
tiple regression of R and S on selected
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Rp = 0.2376arctan(M)-
0.01242arctan(M/7) + 0.4219

Sp = 2.6164M/(Af +2)-0.1434

rc = 0.4453arctan(M/2)-

0.1048M/(M + 22) +1.0056
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Figure1. The characteristic function curves for an infinite slab.
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Figure 2. The characteristic function curves for an infinite cylinder.
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Figure 3. The characteristic function curves for a sphere.

CANADIAN AGRICULTURAL ENGINEERING, VOL. 25, NO. 1, SUMMER 1983

represent the values calculated from Eqs.
16-21. These figures illustrate the excel
lent agreement between the original and
predicted values. When greater accuracy
is needed, the simplified equations re
ported (Ramaswamy et al. 1982) for un
steady temperature could be employed.

Mass Average Moisture
In the case of dehydration, the mass av

erage moisture content is of greater im
portance than the center moisture or the
moisture at any other locations. These
have been well established (Carslaw an
Jaeger 1959) based on the center temper
atures. These can be represented as fol
lows for an infinite plate (Wmp), an infinite
cylinder (Wmc) and a sphere (Wms):

wmo = w{Op

sin SJ

C 1/2

2W=
"mc — Wo,

sc

t s,1/2

• and

"ms ~~ Wr\
I f sin 5S1/2 o 1
- < -— - cos 5S1/2 >
s I Ss1/2 J

(22)

(23)

•(24)

When tables are not available for the Bes-
sel function of first order, Eq. 23 can be
approximated with less than 0.5% error
using

Wmc = W0c(l - 0.1250S, + 5.208 x lO"3^2
- 1.085 x lO^Se3 + 1.351 x 10-65c4)-

0<5C<2.40 (25)

Figures 4—6 are plots of the mass av
erage moisture ratios at the center of an
infinite slab, infinitecylinder and a sphere
calculated by using the relationships
22-24. The points employed Eqs. 10-15,
while the lines employed Eqs. 16-21 for
computation of R and S for different val
ues of M. These figures illustrate excellent
agreement between the original and de
veloped equations for M values greater
than 2. The correlation coefficient in each
case between the original and predicted
values was greater than 0.999. The mean
errors in calculating the mass average
moisture ratio at different M values, 2 to
200, and Fourier analog, 0.2 to 10.0, were
0.15 ± 0.089% for an infinite plate or
slab, 0.43 ± 0.39% for an infinite cyl
inder and 0.31 ± 0.36% for a sphere. The
relationships reported by Sherwood (1929,
1931) and Newman (1931a) can be ob
tained by substituting the limiting values
of R and S values for M = oo (Table II) in
the respective equations.

Early Falling Rate Period
The equations described so far apply

only to the first term approximation situ
ation, i.e., when the drying time is rela-
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Figure 4. Mass average moisture-Fourier number relationships for an infinite slab.
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Figure 5. Mass averagemoistureratio-Fourier numberrelationships for a sphere.

tively long. For the early falling rate pe
riod time drying (Fo<0.2), the predicted
values of moisture ratio at the center using
Eqs. 10-15 or Eqs. 16-24 deviate signif
icantly from those calculated by expand
ing the series in Eqs. 1, 3 and 5 to several
terms. The error involved increases as the
Fourier number decreases below 0.2 and

is also a function of the M value. The
charts in Kreith (1965) or tables developed
by Newman (1931b) could be employed
to generate information in this region, or

the simplified equations developed for
predicting the temperature ratio during
short-term heating of thermally conduc
tive solids (Ramaswamy et al. 1982b)
could be employed to get information on
the moisture distribution during the early
falling rate period.

Application to Wheat Drying
To test the applicability of the devel

oped equations, data were obtained from
an earlier study (Bhargava 1970) on air

drying of wheat (var. Park) under a wide
range of operating conditions (air temper
atures: 48.9, 37.8, 26.7 and 15.6°C; air
flow rates: 0.61, 0.41, 0.10 and 0.025 m/
sec; air relative humidity, 25-80%). The
drying data were reported to be essentially
of falling-rate type such that the equations
discussed so far are applicable to the entire
drying period. Example data for three runs
at 37.8°C and 50% relative humidity are
given in Table III. The characteristic ra
dius of the wheat grain was reported to be
7.86 x 10"4m. It was reported that for all
test situations the mass average moisture
ratio, Wm, could be linearized with respect
to time (f>3h) on a semi-logarithmic plot.

For a spherical geometry, the equation
for mass average moisture ratio at negli
gible surface resistance (M = °°) can be
obtained from Eq. 24 using appropriate
values for Rs and Ss from Table II as,

Wm = 0.607exp(-9.87Fo) (26)

Among the three runs given in Table II,
condition under no. 221 represented the
one with the highest air flow rate, and
hence, minimum resistance to mass trans
fer. The regression equation relating mass
average moisture ratio with time for this
situation was reported as,

Wm = 0.579exp(-8.5xl0"50 (27)

Since the intercept value is less than that
in Eq. 26, the assumption that the surface
resistance for this test situation is negli
gible (spherical geometry for wheat grain
assumed) is reasonable. By comparing the
slopes of Eqs. 26 and 27, the mass dif
fusivity can be evaluated as
D = 8.5xl0"5(a2/9.87) which is equal
to 5.32xl0-12m2/sec. Equation 26 can
then be use to predict the drying curve
(Fig. 7).

The calculated slope for experimental
condition under run no. 222 (air flow rate
of 0.41m/sec) was -8.17x lO^sec"1,
indicating an increased resistance to mass
transfer at the surface. Since we know the

mass diffusivity from Run no 221, an Ss
value can be calculated as

5S = 0.294(a2/D) = 9.50

M can then be found from Eqs. 6 and 15
and the corresponding Rs value can be
evaluated from Eq. 20. The M and Rsval
ues were 52.8 and 2.00, respectively.
Equation 24 can now be used to describe
the drying curve.

The slope for run no. 223 (air flow rate
0.10m/sec) was -7.83 x lO^sec"1, giv
ing an 5S value of 9.10. M and Rs, calcu
lated as before from 5S, were 25.0 and
1.99, respectively. Using Eq. 24, the
drying curve can be established.
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ture, mass average (critical) moisture, sur
face moisture and equilibrium moisture at
time zero (start of the falling rate period).

The value of Wm for the different geo
metries, as described and verified by
Newman (1931a), can also be obtained
from the R and S values as shown below
for an infinite slab (Wmp), for an infinite
cylinder (Wmc) and sphere (Wms):

2Sp + M-Sp-2M

MSP

2SC + M-SC - 4M

MSC

2SS+MSS-6M

(29)

(30)

(31)

0 1 2

FOURIER NUMBER

Figure 6. Mass average moisture ratio-Fourier number relationships for a sphere.

The predictioncurves as well as exper
imental data points for the three runs are
shown in Fig. 7. The figure indicates rea
sonable agreement between the predicted
and experimental values. Below a drying
time of 3 h, the curves have been
smoothed out using tabulated values for
the early falling rate period (Newman
1931b).

Equations for Falling Rate Period when
Constant Rate Period Exists

In drying of many common materials,
a short constant rate period is evident be
fore the onset of the falling rate period.
During the constant rate period apprecia
blemoisture gradientsmaydevelopwithin
the material. The equations discussed so
far are based on initial uniform distribu
tion of moisture and hence cannot be ex
pected to apply to the falling rate period

in the presence of appreciable constant
rate periods. Sherwood (1931) and New
man (1931a,b) have discussed the equa
tions relating to these situations, based on
the assumption of parabolic moisture dis
tribution at the beginning of the falling
rate period. Knowing R and S values,
these equations can be evaluated as shown
below:

"•-{2s}"--{^}"-'
(28)

where W"m is the mass average moisture
ratio at any time t\ Wm is the mass average
moisture calculated as before, assuming
uniform moisture distribution and W'm is
the mass average correction factor given
by Eqs. 29-31 for the three geometries,
infinite slab, infinite cylinder and sphere;
w'o> w' w' and vve are the center mois

These relationships are more compli
cated and might be useful when the mois
ture transport mechanism is proven to be
only by diffusion. The major problem un
der these situations is getting an estimate
of w0 an wa at the start of the falling rate
period. Since parabolic moisture distri
bution was assumed, knowing either w0 or
wa, the other one could be calculated.
Sherwood (1931) and Newman (1931b)
have given several useful equations relat
ing the two for the different geometries.

CONCLUSIONS

Simple relationships are provided for
predicting moisture diffusion in regular
solids during the falling rate period of air-
dehydration. The developed equations for
spherical geometry were found to be ap
plicable for predicting moisture migration
during air-dehydration of wheat grain.
The situation involving combined con
stant and falling rate periods of drying is
more complicated, but can be described
by using the developed equations.

Bi

TABLE III. DRYING DATAt FOR WHEAT GRAIN (ADAPTED FROM BHARGAVA (1970)) C

D

FoMoisture ratio (Wm)

Drying time Run no. 221 Run no. 222 Run no. 223 h
(h) (0.61 m/sec)* (0.41 m/sec)* (O.lOm/secW

1.000

Kg

0 1.000 1.000
k

1 0.531 0.556 0.586
J

2 0.366 0.366 0.385 L

3 0.233 0.260 0.280
4 0.168 0.189 0.209
5 0.124 0.140 0.157
6 0.093 0.106 0.120 M
7 0.069 0.080 0.092
8 0.050 0.059 0.070 #
9 0.036 0.043 0.052

tTemperature andrelative humidity of air were 100°Fand 50%, respectively. S
tAir flow rate. T
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SYMBOLS

= significant dimension (radius of a
cylinder or sphere, or half-thickness
of slab)

= biot no. (ha/k)
= specific heat
= mass diffusivity
= ourier no. (Dt/a2 or at/a2
= surface heat transfer coefficient
= mass transfer coefficient
= thermal conductivity
= essel function of order 0 or 1

= thickness or half-thickness of a slab
depending on it being dehydrated
from one side or both sides,
respectively

= reciprocal of mass transfer resistance
ratio (a'KgalD)

= a function of M
= radius of a cylinder or sphere
= a function of M

= temperature
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Figure 7. Moisture loss during drying of wheat grain.

10

= time

= dimensionless moisture ratio =

(w-we)/(wrwe)
= mass average correction factor from

Eqs. 29-31
mass average moisture ratio

= moisture (dry basis)
= moisture (dry basis) at the beginning

of the falling rate period when
constant rate period exists

= distance from the coldest plane of a
slab

= thermal diffusivity (k/°Q
= root of Eq. 2
= root of Eq. 4
= root of Eq. 6
= equilibrium constant between solid

phase and vapor phase moisture
= density

e = equilibrium moisture at the drying
conditions

i = initial

m = mass average

p = slab or plate
r = radial distance from the center

s = sphere
x = distance from the coldest plane of a

slab

0 = center of cylinder or sphere or coldest
plane of slab

Subscripts
a = surface

c = cylinder
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