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Sharma, S. N., McConkey, B. and Steppuhn, H. 1988. Stochastic
modelling of runoff from an agricultural watershed in southern
Saskatchewan. Can. Agric. Eng. 30: 203-208. Analyses ofhydro-
logic information collected from a small agricultural watershed near
Swift Current in southern Saskatchewan from thepast35 yr revealed
marked variations in therunoffbehavior from yeartoyear. Twosimple
stochastic models have beenproposed, one for synthesizing monthly
runoff flow and the other for snowmelt runoff simulation. Bayesian
statistics have beenutilized for estimating different conditional prob
abilities of runoff events for subunits within the watershed. When com
bined with historical runoff records, synthesized runoff flow may
improve hydrologic design criteria for engineering structures. Fre
quency values of annual runoff and maximum one day runoff have
also been computed on the basis of extreme value distribution.

INTRODUCTION

It wouldbe impossible to place gauging stations on all the water
courses for which we require a hydrograph. Also, even when
streamflowrecords are obtained directly by gauging, they often
span relatively short periods. In these cases, watershed model
ling offers methods for extrapolating limited stream-flow infor
mation both spatially and temporally.'Two types of mathemat
ical models have been developed for these applications:
stochastic and deterministic. Deterministic hydrologic models
require numerous detailed inputs which are not readily available
for most rural watersheds. As stochastic models are structured

on the basis of probabilistic considerations, they reflect the
sequential character as well as the fluctuating tendency of the
watershed flow statistically over time periods, covering all
appropriate climatic variations. According to Haan (1977), the
design of engineering structures must be based on the consid
erations of outputs from both deterministic and stochastic
models. This is because a system must be designed to operate
in the future and deterministic models do not include this aspect.
So far, the most general type of stochastic models capable of
representing the sequences which are stationary or possessing
limited non-stationarity is described by Box and Jenkins (1976).
This model has proven very popular. In general, the synthesis
of monthly runoff is often difficult because of variations in
hydrologic behavior of watersheds at different times of the year.
However, many consider the multivariate model by Matalas
(1967) quite workable in this respect because of the fact it
involves the estimation of only a few parameters.

Frequency analyses have always been popular in the hydro-
logic field. An extension of this trend is the work of Wood and
Rodriguez-Iturbe (1975) using Bayesian statistics for improving
the decision making criteria of various frequency models.
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Hydrologic information for the Prairie regions in Canadais
still very meagre. Nicholaichuk (1967) analyzed runoff data
from two small watersheds in southern Saskatchewan, one at
SwiftCurrentandthe otherat Davin, andreportedthat snowfall
events are mainly responsible for most of the runoff flow at
both locations. Pelletier et al. (1986) found from runoff records
of four watersheds in southernManitobathat the driest period
occurred in August and September. Based on the studies of four
small watersheds near Swift Current, Steppuhn et al. (1986)
found major differences in their runoff behavior and established
regression equations for their calibration with each other.

The purpose of this paper is to provide information on the
runoff flow characteristics of an agricultural watershed near
Swift Current and to indicate the possibility of some simple
stochastic approaches to establish a basis for planning watershed
management.

MATERIALS AND METHODS

Study Watershed and Climatic Conditions
The watershed under study is a small part of the Swift Current
Creek drainage basin which drains into the South Saskatchewan
River. The watershed is located at 50°13N, 104°45W, and cov
ers a 58-ha area as reported by Nicholaichuk (1967). It contains
three subwatersheds with areas ranging from 4 to 5 ha. These
subwatersheds, called microwatersheds in this paper, have sim
ilar topography and are oriented south to north as shown in
Fig. 1.

The climate is characterized as semi-arid and cool, a conti
nental type, with average annual precipitation of 359 mm, one-
third of which occurs as snowfall. Growing season precipitation
for the months of May, June and July is only 166 mm. The
snowcover may melt at any time during winter due to warm,
dry winds.

The entire watershed is underlain by the Bearpaw Formation,
a Cretaceous marine deposit of noncalcareous silty clay shale.
A mantle of glacial till overlying the bedrock is covered by
aeolian deposits of loess from which the loam to silt loam Brown
Chernozemic soils have developed.

The drainage pattern of the area is immature with many scat
tered depressions. The slope of the watershed ranges from less
than 1% on nearly level terrain to over 4% on undulating or
rolling land. The slopewise distribution of watershed area is
shown in Table I. There are no major differences in land slopes
of the three microwatersheds on a macroscale and they vary
between 1.5 and 2.5%.

Most of the watershed area was managed under a 2-yr crop
rotation of spring wheat and summerfallow for the past 32 yr.
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Figure 1. Swift Current agricultural watershed.

Table I. Slopewise area
Swift Current

distribution — agricultural watershed

Percent slope Hectares Percentage

0-1

1-2

2-4

over 4

37.20

12.20

3.89

4.90

63.9

20.9

6.7

8.4

Crops were produced using normal tillage operations and were
harvested leaving 10-20 cm tall stubble over the winter. An
average of three cultivation operations (range 2-5) were carried
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out during summerfallow to control weeds. Therefore, there
was very little stubble in the winter following the summerfallow.

Instrumentation

The 58-ha watershed has been gauged and monitored by the
Swift Current Agriculture Research Station since 1949. A grass
waterway was seeded to channel the runoff towards the outlet
and a 75-cm H-flume was used as the flow-measuring device.
A stop level recorder was utilized to record the height of water
in the stilling well of the flume. Similarly, all of the micro-
watersheds have been equipped with a 61-cm H-flume along
with a stage level recorder as shown in Fig. 1. A dike was
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constructed along the north boundary of each microwatershed
to direct the runoff towards the outlet. The flume stages were
converted to runoff rates using standard rating curves.

Instruments have been set up near the watershed to measure
wind speed, pan evaporation, relative humidity and air tem
perature. Nipher shielded gauges were used to measure snow
fall. In addition, one automatic rain recorder was installed in
the watershed to provide data onrainfall amount and intensity.

THEORETICAL CONSIDERATIONS AND
DEVELOPMENT OF MODELS

Cyclic Variations in the Annual Runoff Amounts

Preliminary examination of runoff data for the entire watershed
revealed considerable periodic and oscillatory variations in the
annual runoff volumes. Consequently, the annual runoff record
was subjected to a sinusoidal-type of harmonic analysis. This
included theapplication of a Fourier series to represent thehis
torical runoff series:

vt = y + ax Cos 0t... ak Cos £8t + bx Sin 8t.... bk Sin £8t (1)

where:

yt = approximated runoff for the rth year,
y = mean annual runoff of historical series,
ak = coefficient of kth cosine term,
bk = coefficient of kth sine term.

Coefficients ak and bk weredeterminedby Eqs. 2 and 3 where
L refers to the number of terms in Eq. 1:

_2_
L

2 yt Cos k 9t
t=0

bk= — V yt Sin k6,
L t=o

(2)

(3)

Chow (1964) recommended that the minimum number of
terms in Eq. 1 should be half of the number of years in historical
seriesand 0tmay be arranged in such a way that their total may
be equal to 360°. In addition, the fluctuating data can be
smoothedusing a "moving average", i.e., overlapping the val
ues of successive years. This results in a curve in which maxima
and minima are slightly altered providing relatively smoother
runoff series. For the time series analysis of the runoff data of
the main watershed, the time span from the year 1962 to 1985
was selected. The first nine harmonics shown in Table II were

found by adopting the scheme advocated by Brooks and Car-
ruthers (1953). The values of the harmonic coefficients were
substituted in Eq. 1 resulting in the first approximation. Sub
sequently, a moving average was determined taking three terms
at a time.

Monthly Runoff Flow Model

The forecasting of monthly runoff is considered difficult by
most hydrologists particularly when historical records are short.
For simplicity in this analysis it was assumed that variance
amongst the runoff flows in any particular month was inde
pendent of the mean flow for the month and that the distribution
curve of monthly flows during the year was nearly periodic.
Further, it was also assumed that variance amongst monthly
flows for month,/ was constant for all the months 0' = 1,2,... 12).

If the above assumptions are made, then the sequence of
monthly flows can be generated by adopting the following
equations from Clarke (1973):
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Table II. First nineharmonic coefficients of annual runoff— agri
cultural watershed Swift Current

Coefficients for cosine terms Coefficients for sine terms

0.5675

-0.3958

0.8920

-0.2033

-7.9658

6.9775

-4.3008

-14.0408

-4.5742

1.1117

-1.9158

-5.9033

7.9708

-4.2225

3.7850

-0.2992

-3.2942

1.6583

2TTt 2TTt
mt = Oo + p, Cos —- + 7, Sin £

where:

mt = monthly runoff flow during month t, and
a0 = overall mean of monthly flows

2,mt Cos
2tt;

12

1 r ^ lirt7l=T **Sta —

(4)

(5)

(6)

£t = random variate with zero mean and constant variance
decided on the basis of first approximation.

The mean monthly flows for the agricultural watershed for
the period 1962 to 1985 were calculated. Then, the parameters
a0, Pi and 7l were estimated as 1.60, 2.10 and 2.01 mm,
respectively. Based on these estimates, the first approximations
of monthly flows were calculated along with their deviations
from historical means as the residuals on the lines according to
the procedure outlined by Clarke (1973).

The standard deviation of the residuals was determined as
2.48 mm. Thus, the model for synthesizing monthly runoff
was:

where:

2irt 2itt
mt = 1.60 4- 2.10 Cos-7^- + 2.01 Sin-7^-+ &

12 12
(7)

mx = runoff in millimetres for month t with t = 0 for February
and to be treated as zero for computed values less than
zero,

£t = error term for a particular month derived from random
numbers with mean of zero and a standard deviation of

2.48 mm with only positive values used for the months
of March and April.

Autocorrelation of Daily Snowmelt Runoff

Though the precipitation received as snowfall was much less
than that received as rainfall, most of the runoff was from snow-
melt events as already established by Nicholaichuk (1967). As
observed elsewhere (Davar 1970) snowmelt runoff follows a
diurnal hydrograph pattern with depleting flows often persisting
into the next and subsequent days. Therefore, an autoregressive
model was preferred for developing synthetic sequence. The
structure of the first-order Markov model which was considered

appropriate was:

(r-p.) = Mr,., - m.) + £ (8)

205



where:

Yt = snowmelt runoff flow in mm for a particular day t,
Ft_! = runoff in millimetresfor the previousday,
[i = meandaily snowmelt runoffvolume in millimetres,
Pj = lag one serialcorrelation coefficient, and
4t = stochastic error term.

The historic record of daily snowmelt runoff sequenceswas
examined for the main watershed from 1962 to 1985 and it was
found that there were 20 sequences with lengths of 10 d or
more. First-order serial correlation coefficient for these
sequences wasdetermined treating it as representative of auto
correlation (Carlson et al. 1970). It was observed that there is
a fairly good autocorrelation in mostsequences andtheaverage
value of first-order serial coefficient was found to be 0.41. The
average of the mean daily flow of these sequences was deter
mined. The ranges of dispersions and the average of one-half
standard deviations were also computed. Thus, after substitut
ing estimated values for the parameters in Eq. 8, the model
equation was:

(Yt - 1.83) = 0.41(7,., - 1.83) 4- £ (9)

where:

Yt = runoff in millimetres for day t, which was treated as
zero for computed values of less than zero,

yt_! = runoff in millimetres for the previous day, and
£t = stochastic error term drawn from a normal distribution

with a mean of zero and a standard deviation of
1.55 mm.

Uncertainties in the Occurrence of Runoff Events in
Subwatersheds With Respect to the Entire Watershed
The rainfall-runoff events, although very few in the historic
record, are very important, especially with respect to soil con
servation. Thus, the daily main watershed rainfall-runoffevents
of runoff volume 0.7 mm or more, being of major conse
quences, were considered for analysis. Interestingly, it was
observed that whenever there was a major runoff event, with
runoff 0.7 mm or more, in the main watershed, runoff from
any of the subwatersheds would not necessarily have occurred.
This, therefore, called for a probabilistic approach in estimating
the relative chances of runoff in the microwatersheds being the
subwatersheds of the main watershed. Following Bayesian sta
tistics and the approach suggested by Haan (1977) the model
adopted for estimation of probability of occurrence of runoff
events in the microwatersheds was:

Prob(£//A) = Probffj) Prob(A/^)
3

2 {Prob(A/5i) Prob(5s)}

(10)

where:

A = major runoff event of 0.7 mm or more in main watershed,
Bj = runoff event in the microwatershed, and
i = order of runoff event depending upon runoff volumes

being used for summation purpose.
In order to estimate the degree of runoff problem in micro-

watersheds, the runoff events were classified into three cate
gories based on runoff magnitude criteria. The daily rainfall
runoff events were classified as BY if the runoff amounts in
microwatersheds were less than 1.25 mm. In the case where

runoff amounts were 1.25 mm or more, but not exceeding
2.50 mm, the runoff events were categorized as B2. Further, on
all the runoff events of microwatersheds with runoff magnitude
greater than 2.50 mm were treated as belonging to class B3.
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Figure 2. Time series analysis of runoff data—Swift Current agricul
tural watershed.

The probabilities of simultaneous occurrence of thedifferent
categories of runoff events in the microwatersheds along with
a major runoff event in the main watershed were worked out
independently as per the basic requirement of the Bayesian
model as suggested by Haan (1977).

RESULTS AND DISCUSSIONS

Periodic and Cyclic Trends in the Annual Runoff Flows
The southern Prairies have experienced several dry periods dur
ing the past few years resulting in erratic runoff flows. Is there
anyevidence of significant changein the climate? Thisquestion
is often debated. The results of harmonic analysis of runoff data
of the Swift Current Watershed obtained by fitting a Fourier
curve using the method described by Aubanel and Oldham
(1985) with later smoothening with a moving average, is pre
sented in Fig. 2. Though the curve shows wide fluctuations in
annual runoff, there is no indication of any continuous dimin
ishing trend in the water yields. In particular, acute dry con
ditions are indicated by the curve for the time span 1971-1973,
which are again followed by moderately dry conditions during
the years 1975-1981. Thus, there are high probabilities of
droughts of different degrees and durations in the area after a
couple of normal years.

Monthly Runoff Data Synthesis

The visual assessment of the expression given in Eq. 7 indicates
that the model is similar to a Fourier model and is based on the

assumption of no hidden periodicities. The monthly runoff data
for 8 mo of the calendar year, less August, September, October
and November, was synthesized and the departure values of
these synthetic data from historical monthly means are given in

Table III. Departure of synthetic monthly runoff — agricultural
watershed, Swift Current

Average Departure
often from

synthetic Historic historic

runs mean mean

Month (mm) (mm) (mm)

January 1.65 0.11 1.54

February 2.63 1.12 1.51

March 7.91 9.01 -1.10

April 7.09 8.17 -1.08

May 2.14 0.09 2.05

June 1.96 0.35 1.61

July 0.84 0.33 0.51

December 0.64 0.00 0.64
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Table IV. Daily snowmelt runoff— agricultural watershed Swift
Current

Observed Synthetic
runoff runoff

Date (mm) (mm)

6 Apr. 1967 0.22 0.22
7 Apr. 1967 2.60 2.41
8 Apr. 1967 1.46 3.05
9 Apr. 1967 1.00 1.32

10 Apr. 1967 1.80 1.11

Table III. The excluded months have the tendency of register
ing negative values because they fall in the third quadrant of
the harmonic dial. Also, with respect torunoff, they are usually
very dry months. A review of departure values in Table III
indicates that the modelgiveslowervaluesfor monthsof March
and April, andslightly higher values for theremaining months.
But, the departure values are within the range of ±3.0 mm.
Thus, the model canbeused to generate a fairly wide range of
synthetic runoffvalues and these values along with historical
gauging records may provide better design criteria for engi
neering structures.

Daily Snowmelt Runoff Predictions

Snowmelt runoffprocessesare very complicated and flowrates
often differ widely. Incorporation of causative factors for snow
melt and runoff prediction model has proven difficult. The
modelexpressedby Eq. 9 is a first-order autoregressive model
anddoes not require muchcomputer timefor synthesizing run
off volumes. The 0.41 value for the serial correlation coeffi
cientindicates that substantial amount of variation in the daily
runoff is associated with previous day's runoff volume. This
may be due to the association amongst the causative factors in
successive days during the snowmelt period. The generated
synthetic sequence by application of the model of daily snow
melt runoff from 6 Apr. 1967 to 10 Apr. 1967, along with his
torical data, is given in Table IV. Comparison of synthesized
values with the recorded ones show that the two do not agree
closely with each other. However, the departures in generated
daily values are likely to be within acceptable limits as seen
from the presented sequence because of the statistical param
eters of the model. Thus, the model can be useful in generating
missing values in the historical snowmelt runoff data.

Conditional Probabilities of Runoff in Microwatersheds

The Bayes model, as given in Eq. 10, was applied for com
puting conditional probabilities of rainfall runoff events in the
three microwatersheds and the probability values are presented
in Table V. The examination of the conditional probabilities on
a cumulative basis reveals that the chances of occurrence of

runoffincidence with runoff volume 1.25 mm or more are fairly
high, being 57% in microwatershed 2, once there is a major

Table V. Conditional probabilities of runoff events in micro-
watersheds — agricultural watershed Swift Current

Conditional probabilities

Runoff class

Micro-

watershed 1

Micro-

watershed 2

Micro-

watershed 3

<1.25mm

1.25-2.50 mm

>2.50 mm

0.569

0.144

0.287

0.434

0.140

0.427

0.570

0.140

0.290
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TableVI. Annual runoff frequency—agricultural watershed Swift
Current

Frequency value (mm)

Recurrence Snow Rain Total
interval (yr) runoff runoff runoff

5 27.78 2.34 29.46
10 37.30 3.63 39.72
20 45.93 4.80 49.03
25 48.67 5.18 51.98
50 57.12 6.42 61.09

100 65.48 7.46 70.11

rainfall runoff event in the main watershed, whereas the chances
of such events in microwatersheds 1 and 3 are slightly less,
being within the range of 45%.

Frequency Analysis for Annual and Daily Runoff
The frequency values of annual and daily runoff estimated on
thebasis ofextreme value distribution — type I (Max) areillus
trated in Tables VI and VII. On the basis of annual runoff fre
quencies as given in Table VI, most of the runoff results from
snowmelt eventsas alreadyestablishedby Nicholaichuk(1967).
Quite obviously, the 1-d runoff frequency values summarized
in Table VII reveal the low runoff producing tendency of the
watershed whichmaybe mainlydue to natureof the topography
with numerous depressions and immature surface drainage as
reported by Nicholaichuk (1967).

CONCLUSIONS

The following main conclusions can be drawn from the studies:
(1) From the time series analysis, there is no evidence that

the climate at Swift Current is becoming drier.
(2) Both the monthly runoff model and daily snowmelt runoff

prediction model can be used for generating synthetic data in
spite of the tendency of wide variations in the synthesized val
ues. The consideration of synthetic data along with historical
data may particularly improve the decision making process.
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Table VII. Maximum one day runoff frequency — agricultural
watershed Swift Current

Recurrence interval

(yr)

5

10

20

25

50

100

Runoff volume

(mm)

10.61

15.19

19.09

20.32

24.13

27.92
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