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Chi, L. and Kushwaha, R. L. 1989. Finite element analysis of forces
on a plane soil cutting blade. Can. Agric. Eng. 31: 135-140. A non
linear 3-D finite element model was developed to predict the soil forces
on a tillage tool. The weighted residual method was applied to formu
late the finite element model. The Duncan and Chang hyperbolic stress-
strain model was used in the analysis. A FORTRAN program was
written to conduct the finite element analysis. The reaction force was
obtained from the failure zone calculated by the finite element model.
The comparison between the finite element model and two previous
models was reasonably good.

INTRODUCTION

Generally all agricultural soil-cutting tools have been developed
by field experiment and by trial and error. Because a large
amount of energy is consumed during tillage, it is essential to
pursue every means toward more efficient design of tillage tools
based upon theoretical principles and their efficient operation.

Initially, the theoretical approach to the soil-cutting problem
was based on the Terzaghi's passive earth pressure theory.
Reece (1965) proposed a fundamental equation for two-
dimensional soil failure with a wide cutting blade. Based on this
equation, several models were developed for narrow cutting
blades (Hettiaratchi and Reece 1967; Godwin and Spoor 1977;
McKyes and Ali 1977; Perumpral et al. 1983).

As computers became more and more accessible, numerical
methods were also developed to solve the soil-cutting problem.
Yong and Hanna (1977) first proposed a finite element model
for two-dimensional soil failure with a wide blade. Chi and

Kushwaha (1987) developed a three-dimensional finite element
model for a narrow cutting blade. The finite element analysis
provides not only the soil forces, but also the stress field (Yong
and Hanna 1977), displacement field, failure zone and force
distribution (Chi and Kushwaha 1987). The finite element
method also shows the possibility of solving the soil-cutting
problem dynamically.

This paper describes a finite element model for predicting
soil forces. The results obtained from the finite element model

were compared with some previous models.

PROCEDURE

Development of the finite element model
The mathematical model of soil cutting can be obtained by taking
a small element of soil. The partial differential equations for
this element were derived by Harr (1966), which can be
expressed in a matrix form as follows:

DTa-f=0

where:

D = differential operator matrix.
a = stress vector [ox, ay, az, r^, Tyz, txz]
f = body force vector (0, 0, —7}.
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(1)

The stress-strain relationship of soil is a nonlinear. The
incremental method was used in the finite element analysis, in
which the change in displacement is still very small in each small
increment. The difference in strain at each increment can be

considered as infinitesimal strain. Therefore, for each incre
ment a linear relationship between strain and displacement is
considered but with stiffness varying with total strain. The
governing Eq. 1 can be rewritten for each increment in the fol
lowing form:

where:

C

An

DTao-DTCDAu-f=0

initial stress vector at each increment.

constitutive matrix.

incremental displacement change vector.

(2)

The exact theoretical solution of Eq. 2 is usually unavailable.
The finite element method is a technique for obtaining an
approximate solution. A variational statement of finite element
formulation is given by the following equation:

\Qev \DTan -DT C D Au -/) dUe=0 (3)

where:

Au = an approximation of displacement vector A11.
Av = a weighting vector.

Equation 3 shows that the approximate function from finite
element method will satisfy the governing differential equations
(Eq. 2) in the sense of weighted average for every small ele
ment. By integrating Eq. 3 by parts once and rearranging the
terms, the following equation was obtained:

\ae (DvfCD Au dQe = \Qg (Dv)To0 dQe +

\nevTfdQe-\rvTpdr (4)

where p is the surface compression vector. Three components
of surface compression vector are shown in Fig. 1. If the v in
the Eq. 4 is an arbitrary admissible displacement vector, Eq.
4 is also known as the ' 'principle of virtual work''.

The Galerkin method was used to choose the approximation
vector A11 and the weighting function v in Eq. 4. The approxi
mation vector was proposed as a function of the nodal displace
ment and the weighting vector was assumed to have a similar
form as the approximation vector, as shown below:

Aue = $ Au]

ve = $ 0

(5)

(6)
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where:

Et
c

<t>
Pa
°\

boundary surface

= tangent modules of soil.
= cohesion of soil.

= internal friction angle of soil.
= atmospheric pressure.
= major principal stress.
= minor principal stress.
= failure ratio.

Figure 1. The surface compression on the boundary surface.

K, n= dimensionless numbers.

In Duncans's equation, the tangent modulus Et of soil was
expressed as a function of major and minor principle stresses.
The failure ratio Rfin Eq. 9 was defined as the ratio of ulti
mate deviatoric stress to the soil strength. This tangent modulus
Et and the Mohr-Coulmb failure criterion were utilized in this
model. The constitutive matrix is given by the following
equation:

l-v 0 0 0

\-v

C=
E, V

0

v 1 — V

0 0

0

l-2»>

2

0

0

0

(1+i0(1-2»0
0

0 0 0 0
\-2v

2
0

0 0 0 0 0
1-2?

2

where:

V = Poisson's ratio.

(10)

where

Au] = nodal displacement of the element.
$ = the element shape function.
(3 = a vector of arbitrary constants.

Substituting Eq. 5 and Eq. 6 into Eq. 4, we will have:

or

\Qe {D*f CDQAdQ uef = \Qe {M)To0 dQe +

\ve*TfdQe-\re*TpdT€ (7)

Ke Au] = F6 (8)

where Ke is element stiffness matrix and F6 is element load

vector. The element load vector includes initial stress term, body
force term, and the surface compression term.

The constitutive relationship of soil
As the soil is a nonlinear stress-strain material, the E modulus
changes with the state of stress. Kondner (1963) proposed a
hyperbolic model to represent a typical stress-strain relationship
of the soil. Duncan and Chang (1970) developed an equation
of the tangent modulus Et based upon the Kondner's model,
which is given below:

Et =
R/(l— sin </>) (ax + a3)

2 c cos <f> 4- 2 (a3 + PJsin <j>

KP, *3 + Pa
(9)
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The agricultural soil characteristics lie between sand and pure
clay. The two dimensionless parameters selected for the model
(Eq. 9) were based on the previous research (Janbu 1963). The
value of these parameters are given in Table I.

Finite element mesh

The tetrahedral constant strain elements were used during the
analysis because of their simplicity and convenience for analy
sis of nonlinear material and large displacements, as shown in
Fig. 2. The displacement within the element was a linear function
as expressed by the following equation:

u(x,y,z) = A0 + Axx + A^y + A3z (11)

where:

u(x,y,z) = the element displacement in the x direction.
At = the coefficients.

An element generating program was written in order to over
come the difficulty of generating the tetrahedral elements. The
elements were generated by rectangular prism boxes and each
rectangular prism box was divided into six tetrahedral elements,
as shown in Fig. 3.
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Table 1. Parameters and soil properties used during the finite
element analysis and comparison

Terms Value

Cohesion of soil (c) 10 kPa

Internal friction of soil (0) 30°

Soil density (7) 15 kN/m3
External friction (6) 0 (smooth blade)
Poisson's ratio (v) 0.48

Failure ratio (Rf) 0.90

K 40

n 0.4

Rake angle (a) 45°, 60°, 90°

Tool depth (d) 10, 20 cm

Tool width (h>) 5 cm

Figure 2. Constant strain tetrahedral element.
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Figure 3. Tetrahedral element generation.

Figure4 gives the finite element mesh for a narrow vertical
blade. The soil failure for a narrow blade is symmetric about
the center line of the blade. Thus only half of the total region

CANADIAN AGRICULTURAL ENGINEERING

SOIL-TOOL

INTERFACE

SOIL SURFACE

CENTER FACE

Figure 4. The finite element mesh of a vertical blade showing half
zone of influence.
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Figure 5. The flow chart of finite element routine.
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was considered in the analysis. The region of influence
considered in the analysis had a length six times that of the tool
operating depth (one tool operating depth behind the tool and
five tool operating depths ahead of the tool), a depth 2.5 times
that of the tool operating depth and a width six times that of
the half tool width. Because of the symmetry, no side move
ment occurred at the center face (Fig. 4). A total of 978 nodes
and 4188 elements were used for a vertical blade.

Computer program
A FORTRAN program was written to conduct the analysis. The
program was composed of three parts: (1) data generating, (2)
finite element routine, and (3) postprocessing. The data-
generating routine was written to generate nodes, elements,
boundary, and loading condition. The finite element routine con
ducted the main parts of analysis. The postprocessing routine
was written to calculate total forces, plot the soil failure and
soil movement and so on. The finite element analysis was con
ducted on a VAX/VMS 8650 computer.

Figure 5 gives the flow chart of the finite element routine.
The total load was divided into a number of small increments.
The tangentmodulusEt was calculated according to the stress
level of the element using Eq. 9. The program ' 'FRONTAL"
(Irons 1970) assembles the system's stiffness matrix and solves
for the displacements and the forces on the interface nodes. The
element stresses were accumulated at each increment. The
stresses of each element were examined by using the Mohr-
Coulomb soil failure theory. The element was indicated failed
when its deviatoric stress exceeded the soil strength. A small
modulus (10 "4 Ej) was assigned to these failed elements to
continue program processing. The nodal coordinates were
updated after each increment. The loading was continued until
all the soil element ahead of the tool had failed.

RESULTS AND DISCUSSION

At each increment, the reaction forces were calculated from the
finite element analysis from a small displacement assigned to
the nodes on the interface. Sinceonly half of total regionwas
considered in the analysis, the total draft and vertical force were
twicethe magnitude obtainedfrom finiteelementanalysis. The
total side force on the blade was equal to zero because of the
symmetry.

Figure 6 shows the theoretical draft force and displacement
curve for a vertical smooth blade5 cm wideoperating at a depth
of 10 cm. The draft force increased with the displacement
(Fig. 6), and after a number of increments, a small force incre
ment caused a large displacement. This was considered as failure
of the soil structure.

At each increment, the element was examined by the Mohr-
Coulomb failure criterion and the failed element was marked.
It was found that the initial soil failure started around the bottom
of the tool. As the load increased, failure region extended around
the tool edge and towards the soil surface. Figure 7 shows the
soil failure in x-z plane which occurred at increment No. 26.
The failed element was identified by a cross in the diagram.
A complete failure region from the tip of tool to the soil sur
face was formed at increment No. 26, as shown in Fig. 7. This
was defined as failure point of the soil column (Fig. 6) and the
corresponding force was considered as the soil reaction force
required to cut the soil.

The value of tangent modulus of the soil from the hyperbolic
model will approach zero as the strain increases. A zero modulus
wasnot acceptable to continue the finiteelementanalysis program.
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Figure 6. Draft force of a smooth vertical blade, d = 10 cm, w =
5 cm.
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The soil failure (x) of a smooth vertical blade at increment

Thus, a small residual modulus was assigned to the element
when the deviatoric stress of the element exceeded the shear
strength of the soil. Because of this residual modulus, the reac
tion forces continued to increase with the displacement after
the soil structure had failed.

The results obtained from the finite element method were
compared with the McKyes and Ali (1977) and Perumpral et
al. (1983) model, as shown in Figs. 8 and 9. The draft force
of the previous model was calculated based on the procedure
described by McKyes and Ali (1977) and Perumpral et al.
(1983). The comparison between finite element model and the
two other models were reasonably in agreement. The three
results were very close at a rake angle of 60°. For the model
of McKyesand Ali (1977), at a rake angle of 45°, the optimized
angle between the soil surface and the bottom plane of failure
wedge was close to extreme condition (90°), which resulted in
a small predicted draft force. At a rake angle of 45°, the results
from the finite element method were close to the model of
Perumpral et al. (1983). For a vertical blade, the results of the
finite element model were between the two models. The model
of Perumpral et al. (1983) produced a relatively lower draft
prediction for the vertical blade.
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Figure 8. Comparison of the finite element model with previous
models, d = 10 cm, w = 5 cm.
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Figure 9. Comparison of the finite element model with previous
models, d = 20 cm, w = 5 cm.

The force distibution along the tillage tool can also be obtained
from the finite element analysis. Figure 10 shows the predicted
draft force distribution for a 5-cm-wide smooth vertical blade

operating at a depth of 10 cm. The theoretical force on the tool
edge was found to be larger than the force at the center of the
tool (Fig. 10). The force also increased with the increase in
depth, with the maximum force occurring at the outer edges
of the tool at the bottom.

CONCLUSION

A three-dimensional finite element model was developed for
the analysis of soil forces on a narrow tillage tool. This finite
element model was used to study soil reaction forces, soil failure
pattern, soil movement and force distribution.

The reaction force increased with the increase in dis

placement of the tool in the direction of travel. The reaction
forces were obtained from the failure zone calculated by
the finite element model. Soil failure started from the tool
tip and extended toward the soil surface with measuring tool
movement. At a complete failure of the soil profile, the cor
responding reaction force was taken as the required force for
soil cutting.

CANADIAN AGRICULTURAL ENGINEERING

CENTER OF THE TOOL

5.0

WIDTH (cm)

Figure 10. The soil stress distribution on a smooth vertical blade.

The comparison between the finite element model draft force
prediction nd those of two previous models was reasonably
good.

The stress distribution obtained from the finite element

analysis showed that the maximum stress occurred at the tip
of the tool.
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