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Zhang, Y.H., Jofriet, J.e. and Negi, S.e. 1998. Stress-strain and
volume strain-strain relationships for soybean. Can. Agric. Eng. 40:
105-111. Triaxial tests of soybean were used to gcncrate data for use
in a secant constitutive material model for a finitc element analysis of
bulk solids. The analysis required relationships bctween cquivalent
stress and equivalent strain, as well as volumc strain and equivalent
strain. Seventy-five tests were conducted with confining pressurc and
displacement rate as tcst variables. The rclationship betwccn
equivalent stress and equivalent strain consistcd of an almost lincar
elastic range followed by a "plastic" range that was accompanicd by
considerable dilation of the granular material. Thc tcst variable
confining pressure affected the relationship significantly but thc
displacement rate did not. A prediction equation cxpressing cquivalent
stress in terms ofequivalent strain and confining pressure is prcsented.
The relationship between volume strain and equivalent strain consisted
ofan initial quadratic curve followed by an approximately linear range.
Further increase in volume due to dilation ofthc granular material was
observed in this linear region. Confining prcssure affectcd the
relationship but the displacement rate did not. The paper presents a
prediction equation for volume strain in terms ofequivalent strain and
confining pressure. Keywords: constitutive rclationship, strcss-strain
relationship, soybean, triaxial test.

Des essais triaxiaux de graines de soja ont ete utilises afin d'obtcnir
les donnees necessaires pour un modele materiel constitutif secant.
L'analyse necessitait une relation entre la charge equivalente et la
tension equivalente ainsi qu'une relation entre la tension volumetrique
et la tension equivalente. Soixante quinze essais ont ete entrepris, avec
la pression de confinement et la vitesse de deplacement comme
variables. La relation entre la charge equivalente et la tension
equivalente consistait d'une region elastique presque lineaire suivie
d'une region "plastique". La region "plastique" etait accompagnee
d'une dilatation considerable du materiel granulaire. La pression de
confinement a affecte la relation alors que la vitesse de deplacement
n'a montre aucun etfet. Une equation de prediction qui exprimc la
charge equivalente en fonction de la tension equivalente et dc la
pression de confinement est presentee. La relation entre la tension
volumetrique et la tension equivalente consistait d'une courbe
quadratique suivie d'une region presque lineairc. Une augmentation de
volume due ala dilatation du materiel granulaire a ete observec dans
cette region lineaire. La pression de confinement a affecte la relation
alors que la vitesse de deplacement n'a montre aucun effet. Ce travail
presente une equation de prediction pour la tension volumetriquc en
fonction de la tension equivalente et de la pression dc confinement.

INTRODUCTION

Effective design of storage structures for bulk solids requires
knowledge of the mechanical behaviour of the stored material
under static and dynamic conditions. There has been an
explosion of new experimental, analytical and numerical
methods of investigation, and mathematical modelling of the
flow process in silos and bins has become increasingly

sophisticated. More appropriate constitutive models have been
introduced (Tripodi et al. 1990; Kamath and Puri 1995) as
numerical modelling increased in importance. Most studies,
however, have not considered the stresses and velocities during
flow. Meng et al. (1997) and Jofriet et al. (1994) developed a
secant constitutive relationship for transient finite element
analysis of stresses, displacements, and velocities in non
cohesive bulk solids. A solution to the dynamic equilibrium
equations was achieved during the entire period of discharge.
The constitutive equations in the finite element model require
relationships between equivalent stress and equivalent strain,
and between volume strain and equivalent strain.

Many experiments have been perfonned to find the bulk
mechanical properties of a variety of agricultural materials,
such as wheat, oats, rice, com, etc. But available knowledge is
oflimited use for the finite element analysis proposed by lomet
et al. (1994) because:
I. with very few exceptions, wheat is the only material that

was studied in sufficient depth to provide constitutive
models, even though quite a few grains and oilseeds were
tested to obtain their stress-strain relationship;

2. most tests were perfonned for specific stress-strain
relationships, e.g. deviator stress to axial strain (Zhang et al.
1986, 1989; Li et al. 1989, 1990; Hardin et al. 1990),
isotropic compression to volume strain (Zhang et al. 1986,
1989; Li et al. 1989, 1990), effective principal stress ratio
to axial strain (Hardin et a1.1990), or stress ratio to axial
strain (Kolymbas and Wu 1990).

To date, no data have been reported on the fundamental
relationship between equivalent stress, 0, and equivalent strain,
E, and the associated correlation between volume strain, £v' and
equivalent strain upon which the secant constitutive
relationship by Meng (1994) is based. Thus, the specific
objectives for this study were:
I. To experimentally detennine for soybean the relationships

between equivalent stress, 0, and equivalent strain, e, and
between volume strain, £v' and equivalent strain.

2. To statistically estimate the parameters in the above
relationships.

3. To detennine the effect ofconfining pressure and strain rate
on the model parameters.

This paper presents the results of experiments with
soybeans designed to provide the required stress-strain
relationships and the influence of the confining pressure and
displacement rate on these relationships. The experimental data
obtained by triaxial tests were used to develop a material model
for soybean.
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EXPERIMENTAL PROCEDURE Table I. Test Treatments.

Stresses and strains observed in the 75 triaxial tests were
used to calculate axial strain, volume strain, and deviator stress
at lOs intervals. Plots of deviator stress and volume strain
versus axial strain for.treatment 8 are shown in Fig. I. Data are
represented by points connected by solid lines because of the
large volume ofdata. Each curve represents one replicate. Zero
axial strain was taken at the start of the axial compression
stage. The slope ofthe stress curves reduced continuously until
a pseudo yield stress, the maximum deviator stress ofabout 90
kPa, was reached. This "yield" point was fairly well defined
and occurred approximately at that axial strain where the vol
ume ofthe test specimen started to increase, Le. dilatation com
menced. After the "yield" point was reached, the deviator stress
decreased slowly as both the axial and volume strains increas
ed. Thus the similarity with the behaviour ofa ductile material
held until the test was terminated at an axial strain of20%.

Volume strain decreased non-linearly in the initial stage of
the tests until a minimum volume was reached, then increased
non-linearly until the volume was about equal to the initial
volume. The material then continued to dilate with volume
increasing about linearly with axial strain. At the final axial
strain of 20%, the volume strain in treatment 8 was about
0.025.

Air-dried soybean was used for all tests. The moisture contents
were determined in accordance with standard ASAE S352.2
(ASAE 1997). Samples were tested at the beginning and at the
end of the experiment. The time between the tests was about
one month. The results showed there was no significant
difference in moisture content between the two groups oftests.

All tests were performed using a triaxial test apparatus. The
sample size was 100 mm diameter by 200 mm height. In this
study, sample size, initial density (79Ikg/m3

), and moisture
content (6.5% on a wet basis) were held constant (see Table I).
The confining pressure and axial displacement rate were varied.
Samples were compressed in the axial direction at five
displacement rates 0.5, I, 2, 4, and 6 mm/min. In each test a
constant lateral stress, 02 = 03' was applied hydrostatically using
water. Confining pressures ranged from 30 to 70 kPa in
increments of 10 kPa. The test time, axial displacement, axial
force, confining pressure, 03 (kPa), and volume change (volume
of water flowing in or out of the triaxial cell) were measured
and recorded at lOs intervals. The 25 treatments are
summarized in Table I. Every treatment had 3 replicates.
Therefore 75 tests were performed in total.

All triaxial tests in this study included two stages, isotropic
consolidation and axial compression. The basic approach
generally followed standard triaxial testing procedures (Bishop
and Henkel 1962). Each sample had the same mass and all were
prepared in a split cylindrical mould to hold a rubber membrane
which enclosed the test specimens. Suction was applied to the
specimens to insure integrity of its shape.

Isotropic consolidation was started by applying the
predetermined confining pressure. The negative pressure inside
the specimen was released simultaneously. The data collecting
system was activated at this time. The purpose of the isotropic
consolidation stage was to allow stabilization ofvolume change
and ofconfining pressure. It was maintained for about 500 s.

After the isotropic consolidation stage, the vertical loading
system was turned on. The axial force was increased by
compressing the sample at the predetermined displacement rate
until the test was terminated at failure or at an axial strain of
20%.

EXPERIMENTAL RESULTS

During the isotropic consolidation stage, lasting about 500 s, a
large volume change occurred because ofvolume reduction of
the specimen and the water in the triaxial cell,and expansion of
the triaxial cell. The second stage of the test started after both
the volume change and confining pressure had stabilized. In the
tests the axial force increased, rapidly at first, then slowing
down as a maximum was approached. For instance, in replicate
I of treatment 8 (see Table I) the axial force reached a peak
value ofabout 800 N approximately 400 s into the second stage
at an axial strain ofabout 7%. The volume change showed that
the material first consolidated to a minimum volume, then
dilated almost linearly with time and thus with displacement. A
collapse took place in the bulk solid when the axial force was
close to its maximum value. This "stick-slip" effect occurred
consistently in all tests. It was also reported by Kamath et al.
(1991) in their triaxial tests ofwheat flour.

Treatment

1
2
3
4
5

6
7
8
9
10

11
12
13
14
15

16
17
18
19
20

21
22
23
24
25

Confining
pressure

(kPa)

30

40

50

60

70

Axial displacement
rate

(mm/min)

0.5
1.0
2.0
4.0
6.0

0.5
1.0
2.0
4.0
6.0

0.5
1.0
2.0
4.0
6.0

0.5
1.0
2.0
4.0
6.0

0.5
1.0
2.0
4.0
6.0
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Axial strain (10-3 m/m)

Fig. 1. Deviator stress versus axial strain for the three
replicates of treatment 8; confining pressure =
40 kPa; displacement rate = 2mmlmin.
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Fig. 3. Volume strain versus axial strain for five values
of confining pressure; displacement rate =
2mm/min.

Axial strain (10-3 m/m)

x 10-3
; at 70 kPa that value was about 95 x 10-3 and the

minimum was about twice that at 30 kPa. The effect of con
fining pressure on maximum deviator stress and corresponding
strain was consistently similar at every displacement rate.

The influence on deviator stress ofdisplacement rate, d, in
the range from 0.5 to 6 mm/min is shown in Fig. 4. The
confining pressure is 40 kPa. It is obvious that the effect is
fairly small in this range of displacement rates. There is no
observable trend; the highest rate provided the largest deviator
stresses but the second highest (4 mm/min) gave the lowest
stresses.
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Figure I illustrates that the repeatability of the three
replicate tests was excellent, especially for the deviator stress.
The observations illustrated for treatment 8 in Fig. I were
typical for all tests. In subsequent graphical presentations oftest
data the means of the three replicates will be presented.

The effect of the confining pressure, 03 on the deviator
stress and volume strain is illustrated in Figs. 2 and 3 at the
median displacement rate of2 mm/min. Figure 2 clearly shows
the significant increase in the magnitude of deviator stress the
material can sustain with increase in confining pressure. At a
confining pressure of 30 kPa (treatment 3) the maximum
deviator stress attained was about 75 kPa, whereas at 70 kPa

Fig. 2. Deviator stress versus axial strain for five values
of confining pressure; displacement rate =
2mmlmin.

100

(I)

EQUIVALENT STRESS-EQUIVALENT STRAIN
RELATIONSHIP

In axisymmetric problems, the stress tensor includes the three
normal stresses, or' 0e, 0z and the shear stress 't'rz, The strains
associated with them are the three normal strains, Er, Ee, Ez and
the shear strain, yrz' Equivalent stress, 0, is defined as:

The effect ofdisplacement rate on the volume strain at the
confining pressure of40 kPa is shown in Fig. 5. It appears to be
somewhat greater than that on the deviator stress. However,
there is again not a clear trend observable from the plots. The
volume strains at the highest rate of 6 mm/min are roughly the
median of all results.

and equivalent strain, e, as:
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(treatment 23) that maximum was approximately 165 kPa. The
corresponding volume strain also exhibited an increase with
increase in confining pressure (Fig. 3). At a confining pressure
of 30 kPa the volume strain reached a minimum of about
5.5 x 10-3 and then returned to zero at an axial strain ofabout 55

£= 2[ 2 2 2 32]3" (£r-£O) +(£0-£;:) +(£;:-£r) +'2'Yr::

(2)
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In terms of the principal stresses, aI' O2, and 0 3, and principal
strains, £1' £2 and £3' the equivalent stress aand strain eare:

(6)

140

Equivalent strain (l0-3 m1m)

Equivalent stress versus equivalent strain from test
results from treatments 6 to 10; confining pressure
= 40 kPa.
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(7)

was chosen to express equivalent stress into equivalent strain;
al and a2 were the model parameters that were determined for
all 75 sets ofdata using non-linear regression. The values ofthe
model parameters, including all other statistical information,
were obtained with the aid ofstatistical analysis program SAS
(SAS 1985). To examine the effects of confining pressure,
displacement rate, and their interaction on the equivalent stress
strain relationship analyses of variance was performed on the
parameters al and a2• The results were obtained for a
significance level of0.05 in the significance test. The results of
the F-tests showed that only the test factor confining pressure
significantly affected both parameters, a l and a2• Table II
provides the means ofthe 15 values for a l and a2 for each ofthe
five values of confining pressure.

A linear regression was carried out to determine the effects
ofconfining pressure on the parameters, a I and a2, and therefore
on the equivalent stress-strain relationships. The linear
regression model that was adopted was:

As indicated in Eqs. 5 and 6, the equivalent stress is a
function of the stresses 0 1 and 0 3 and the equivalent strain is a
function of the strains £1 and eve The stresses 0 1 and 0 3, the
strains £1 and £y, equivalent stress a, and equivalent strain e
were calculated from the triaxial test data. Figure 6 illustrates
a typical relationship between equivalent stress and equivalent
strain using the data from treatments 6 to 10 (03 = 40 kPa). As
equivalent strain increases, equivalent stress increases, steeply
at first, then decreasing in rate as the equivalent stress gets
nearer to its maximum value. With a confining pressure of40
kPa the maximum equivalent stress of about 52 kPa was
reached at an equivalent strain of approximately 10%.

A prediction equation of the form:

(5)

(4)

cr =~ [0. - 0,]
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Under triaxial test conditions, O2 = 0 3, It is reasonable to assume
that £2 = £3 in a well made, homogeneous, and symmetric
specimen. The aand ewill then become, respectively:

Fig. 5. Volume strain versus axial strain for five values of
displacement rate; confining pressure =40 kPa.

Fig. 4. Deviator stress versus axial strain for five values
of displacement rate; confining pressure =
40 kPa.
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Table III. Predicted values of parameters a., a2, a3, a4, and
a6 determined with Eq. 8.

Parameters calculated by Eq. 8
°3

(kPa)
a1 (kPa) a2 a3 a4 a6

30 38.62 55.94 -0.2414 3.598 0.156

40 51.51 51.3 -0.2537 3.397 0.1512

50 64.4 46.66 -0.266 3.197 0.1463

60 77.29 42.02 -0.2783 2.997 0.1414

70 90.18 37.37 -0.2906 2.796 0.1366

R2 0.999 0.937 0.923 0.371 0.652

The parameters in Eq. 9, a3, a4, as, and a6 are coefficients which
determine the shape of the curves and £0 is the point of
transition from the quadratic to the linear relationship. At this
transition point continuity of the quadratic and linear curves
and their slopes was maintained.

150100

100
OJ = 70kPa

-- 80 OJ = 60kPa
~

/l..
OJ = 50kPaC

til 60til

t
til

'5 40-;
;>
'S
S'

(8)

in which the subscript i is I for parameter a I and 2 for a2• The
values of the coefficients, bo and b l , were -0.040 and 1.289 for
parameter al and 69.87 and -0.4643 for a2, respectively. Table
III has the predicted values for a l and a2 calculated with Eq. 8
and the R2 values from the linear regressions.

Figure 7 shows a plot of five equivalent stress-equivalent
strain relationships calculated from Eqs. 7 and 8, one for each
ofthe five values ofconfining pressure used in the triaxial tests.
Figure 8 presents the predicted relationship between equivalent
stress and equivalent strain for a confining pressure of40 kPa
together with five graphs of experimental data, one for each of
the five displacement rates. It is clear from Fig. 8 that the
predicted values agree very well with the test data for this
confining pressure. For other confining pressures the fit
between predicted and experimental data was equally good
(Zhang 1994). The R2 values for the linear regressions (Eq. 8),
0.999 for a l and 0.937 for a2, reinforce this excellent agreement.

VOLUME STRAIN-EQUIVALENT STRAIN
RELATIONSHIP

Equivalent strain (10'3 m/m)

The relationship between volume strain and equivalent strain
consists of a curvilinear segment of consolidation to the
minimum volume and expansion back to the original volume,
followed by an approximately linear segment indicating
dilation. The relationships are similar in shape to those between
volume strain and axial strain in Fig. 3. The volume strain
equivalent strain relationship can be approximated
mathematically by the form:

Fig. 7. Predicted equivalent stress-equivalent strain
relationships for five values ofconfining pressure.

These conditions imply that only three of the five
parameters can be independent. The point of transition £0 is
somewhat arbitrary and as is the intercept ofthe linear segment
of the volume strain curve which has little physical
significance. Therefore, a3, a4, and a6 were selected as the
independent parameters and the dependent parameters, £0 and
as, could be determined from:

- -2 eSEoa JE+a4E

E,. =

as + a6e E > Eo

(9) - (a6 - aJ )
Eo = -------:;.-

2a4

-(aJ - a6 )2 -2
as = =-EOa 44a4

(10)

(11)
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Fig. 8. Equivalent stress versus equivalent strain for five
values ofdisplacement rate together with predicted
equivalent stress-equivalent strain relationships;
confining pressure = 40 kPa.
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40 kPa together with the five graphs ofexperimental data, one
for each displacement rate. A comparison of the results shown
in Figs. 8 and 10 and the R2 values in Table III indicate that the
predicted values of volume strain agree less well than the
equivalent stress values with the test data for this confining
pressure. For other confining pressures similar results were
obtained (Zhang 1994). However, because ofthe lack oftrends
in the volume strain results with loading rate, it was difficult to
suggest a better simple prediction model.
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Fig. 9. Predicted volume strain-equivalent strain
relationships for five values of confining pressure.

Independent parameters a3, a4, and a6 were determined for all 75
sets ofdata using the same method described earlier for a I and
a2• The results of the F-tests showed that again only the test
factor confining pressure significantly affected parameters a3,

a4, and a6• Table II provides the mean ofthe 15 values for a3, a4,

and a6 for each of the five values of confining pressure.

A linear regression was carried out to express the effect of
confining pressure on the parameters a3, a4, and a6 (Eq. 8). The
subscript i in Eq. 8 is 3 for a3, 4 for a4, and 6 for a6• The values
of the coefficients, bo and b l were -0.2045 and -0.00123 for
parameter a3, 4.199 and -0.02003 for a4, and 0.17065 and 
0.000487 for a6• Table III shows the predicted values for a3, a4,

and a6 calculated with Eq. 8 and the R2 values from the linear
regressions.

Figure 9 shows graphs of five volume strain-equivalent
strain relationships calculated from Eqs. 8, 10, and II, one for
each ofthe five values ofconfining pressure used in the triaxial
tests. Figure 10 presents the predicted relationship between
volume strain and equivalent strain for a confining pressure of

-150~-2""0--'---"""'-""""'--""'_---l_-"""'-
40 60 80 100 120 140 160

Equivalent strain (10') mlm)

Fig. 10. Volume strain versus equivalent strain for five
values ofdisplacement rate together with predicted
volume strain-equivalent strain relationship;
confining pressure =40 kPa.

SUMMARY AND CONCLUSION

Soybean was tested in confined compression with a triaxial
apparatus in 75 tests. The equivalent stress and equivalent
strain were developed using statistical methods. The effect of
the two test variables, confining pressure and displacement rate
were studied. A prediction equation expressing equivalent
stress in terms of equivalent strain and confining pressure is
presented in Eqs. 7 and 8. A prediction equation expressing
volume strain in terms of equivalent strain and confining
pressure is presented in Eqs. 8, 10, and 11. The significance
level was set at 0.05 for all significance tests. The following
conclusions were drawn from this study:

1. The relationship between equivalent stress, 0, and
equivalent strain, e, consisted of an almost linear elastic
range followed by a "plastic" range that was accompanied
by considerable dilation of the granular material.

2. The test variable confining pressure, 03' affected the o-e
relationship but the displacement rate did not.

3. The relationship between volume strain, £y, and equivalent
strain, e, consisted of an initial quadratic range first
reducing the volume to a minimum and than increasing,
followed by an approximately linear range with further
increasing volume due to dilation of the granular material.

4. The test variable confining pressure, 03' affected the £y-e

relationship but the displacement rate did not.
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